Chapter 1

Introduction

As far as I can see, all a priori statements in physics have their origin
m symmetry.
—Hermann Weyl*

1.1 Symmetry in Physics

Symmetry is a fundamental human concern, as evidenced by its pres-
ence in the artifacts of virtually all cultures. Symmetric objects are
aesthetically appealing to the human mind and, in fact, the Greek
work symmetros was meant originally to convey the notion of “well-
proportioned” or “harmonious.” This fascination with symmetry first
found its rational expression around 400 B.C. in the Platonic solids and
continues to this day unabated in many branches of science.

1.1.1 What is a Symmetry?

An object is said to be symmetric, or to have a symmetry, if there is
a transformation, such as a rotation or reflection, whereby the object
looks the same after the transformation as it did before the transforma-
tion. In Fig. 1.3, we show an equilateral triangle, a square, and a circle.
The triangle is indistinguishable after rotations of %7‘(‘ and %ﬂ' around
its geometric center, or symmetry axis. The square is indistinguishable

n Symmetry (Princeton University Press, 1952)
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after rotations of %W, 7, and %W, and the circle is indistinguishable after
all rotations around their symmetry axes. These transformations are
said to be symmetry transformations ~ of the corresponding object, which
are said to be invariant under such transformations. The more symme-
try transformations that an object admits, the more “symmetric” it is
said to be. One this basis, the circle is “more symmetric” than the
square which, in turn, is more symmetric than the triangle. Another
property of the symmetry transformations of the objects in Fig. 1.3
that is central to this course is that those for the triangle and square
are discrete, i.e., the rotation angles have only discrete values, while
those for the circle are continuous.

() (b) (c)

Figure 1.1: An equilateral triangle (a), square (b) and circle (c¢). These ob-
jects are invariant to particular rotations about axes that are perpendicular
to their plane and pass through their geometric centers (indicated by dots).

1.1.2 Symmetry in Physical Laws

In the physical sciences, symmetry is of fundamental because there are
transformations which leave the laws of physics invariant. Such trans-
formations involve changing the variables within a physical law such
that the equations describing the law retain their form when expressed
in terms of the new variables. The relationship between symmetry
and physical laws began with Newton, whose equations of motion were
found to be the same in different frames of reference related by Galilean
transformations. Symmetry was also the guiding principle that en-
abled Lorentz and Poincaré to derive the transformations, now known
as Lorentz transformations, which leave Maxwell’s equations invari-
ant. The incompatibility between the Lorentz invariance of Maxwell’s
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equations and the Galilean invariance of Newtonian mechanics was, of
course, resolved by Einstein’s special theory of relativity.

As an example of a symmetry in a physical law, consider the prop-
agation of an impulse at the speed of light c¢. This is governed by the
wave equation, which is obtained from Maxwell’s equations:
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The Lorentz transformation of space-time coordinates corresponding to
a velocity v = (v,0,0) is
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where v = (1—v?/c?)~1/2. When expressed in terms of the transformed
coordinates (z',y/, 2/, '), the wave equation (1.1) is found to retain its
form under this transformation:
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This implies that the wave propagates in the same way with the same
velocity in two inertial frames that are in uniform motion with respect
to one another. The Lorentz transformation is thus a symmetry trans-
formation of the wave equation (1.1) and this equation is said to be
covariant with respect to these transformations. In general, symmetry
transformations of physical laws involve the space-time coordinates,
which are sometimes called geometrical symmetries , and/or internal co-
ordinates, such as spin, which are called internal symmetries .

1.1.3 Noether’s Theorem

Identifying appropriate symmetry transformations is one of the central
themes of modern physics since their mathematical expression affects
the structure and predictions of physical theories. Work by both math-
ematicians and physicists, culminating with Emmy Noether, led to the
demonstration that there was a deep relationship between symmetry
and conservation laws. This is now known as Noether’s Theorem:
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Noether's Theorem. The covariance of the equations of motion with
respect to a continuous transformation with n parameters implies the
existence of n quantities, or constants of motion, i.e., conservation laws.

In classical mechanics, the conservation of linear momentum results
from the translational covariance of Newton’s equations of motion, i.e.,
covariance with respect to transformations of the form »’ = r + a, for
any vector a. The conservation of angular momentum similarly results
from rotational covariance, i.e., covariance with respect rotations in
space: ¥’ = Rr, where R is a 3 X 3 rotation matrix. Finally, the con-
servation of energy results from the covariance of Newton’s equations
to translations in time, i.e., transformations of the form ¢ = ¢ + 7.

1.1.4 Symmetry and Quantum Mechanics

The advent of quantum mechanics and later quantum field theory fos-
tered entirely new avenues for investigating the consequences of sym-
metry. London and Weyl introduced a type of transformation known as
a gauge transformation into quantum theory, with total electric charge
as the conserved quantity. In the early 1960s, Gell-Mann and Ne’eman
proposed the unitary symmetry SU(3) for the strong interactions. This
led to the proposal by Gell-Mann and Zweig of a new, deeper, level
of quanta, “quarks,” to account for this symmetry. Heisenberg, Gold-
stone and Nambu suggested that the ground state (i.e., the vacuum)
of relativistic quantum field theory may not have the full global sym-
metry of the Hamiltonian, and that massless excitations (Goldstone
bosons) accompany this “spontaneous symmetry breaking.” Higgs and
others found that for spontaneously broken gauge symmetries there are
no Goldstone bosons, but instead massive vector mesons. This is now
known as the Higgs phenomenon and its verification verification has
been the subject of extensive experimental effort.

Another aspect of symmetry, also due to the quantum mechanical
nature of matter, arises from the arrangement of atoms in molecules
and solids. The symmetry of atomic arrangements, whether in a sim-
ple diatomic molecule or a complex crystalline material such as a high-
temperature superconductor, affects many aspects of their electronic
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and vibrational properties and especially their response to external
thermal, mechanical, and electromagnetic perturbations. The trans-
formation properties of wavefunctions in quantum mechanics are an
example of what is known as Representation Theory , which was devel-
oped by the mathematicians Frobenius and Schur near the turn of the
20th century. This inspired a huge effort by physicists and chemists
to determine the physical consequences of the symmetries of wavefunc-
tions which continues to this day. Notable examples include Bloch’s
work on wavefunctions in periodic potentials, which forms the basis of
the quantum theory of solids, Pauling’s work on the chemical interpre-
tation orbital symmetries, and Woodward and Hoffman’s work on how
the conservation of orbital symmetry determines the course of chemical
reactions. Recent scientific advances that highlight the prominent role
that symmetry maintains in condensed-matter physics is the discov-
ery of quasicrystals, which have rotational symmetries (e.g., fivefold, as
shown in Fig. 1.2) which are incompatible with the translational sym-
metry of ordinary crystals and are thus sometimes called aperiodic, and
the Cgg form of carbon, known as “Buckminsterfullerene,” or “Buck-
yballs”, a name derived from its resemblance to structures (geodesic
domes) proposed by R. Buckminster Fuller as an alternative to conven-
tional architecture.

Figure 1.2: A section of a Penrose tile, which has a fivefold rotational
symmetry, but no translational symmetry. This two-dimensional structure
shares a number of features with quasicrystals.
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1.2 Examples from Quantum Mechanics

1.2.1 Omne-Dimensional Systems

To appreciate how symmetry enters into the description of quantum me-
chanical systems, we consider the time-independent Schrodinger equa-
tion for the one-dimensional motion of a particle of mass m bound by
a potential V' (z):

o+ V(@) () = Be(a), (14)

where i = h/2m, h is Planck’s constant, ¢ is the wavefunction, and E
is the energy eigenvalue. By writing this equation as Hy = Eyp, we
identify the coordinate representation of the Hamiltonian operator as

H = ——m7+V(x) (15)

In the following discussion, we will utilize the fact that the energy eigen-
values of one-dimensional quantum mechanical problems such as that
in (1.4) are nondegenerate, i.e., each energy eigenvalue is associated
with one and only one eigenfunction.?

Suppose that the potential in (1.4) is an even function of z. The
mathematical expression of this fact is the invariance of this potential
under the inversion transformation r — —u:

V(—z)=V(x). (1.6)

Examples of such potentials are the symmetric square well and the
harmonic oscillator (Fig. 1.3), but the particular form of the potential
is unimportant for this discussion. The kinetic energy term in (1.4) is
also invariant under the same inversion transformation as the potential,
since &2 2

= (1.7)

2This follows directly from the fact that this equation, together with appropri-
ate boundary conditions, constitute a Sturm—Liouville problem. Other well-known
properties of solutions of Schréodinger’s equation (real eigenvalues, discrete eigen-
values for bound states, and orthogonality of eigenfunctions) also follow from the
Sturm-Liouville theory.



Introduction 7

Figure 1.3: The first four eigenfunctions of the Schrédinger equation (1.4)

for an infinite square-well potential, V(z) = 0 for |z| < L and V(z) — oo

for |z| > L (left), and a harmonic oscillator potential, V(z) = $kz?, where

k is the spring constant of the oscillator (right). The abscissa is the spatial
position x and the ordinate is the energy F, with the vertical displacement of
each eigenfunction given by its energy. The origins are indicated by broken
lines.

Thus, the Hamiltonian operator in (1.5) is itself invariant under inver-
sion, i.e., inversion is a symmetry transformation of this Hamiltonian.
We now use this property of H to change variables from z to —z in
(1.4) and thereby obtain the Schrédinger equation for p(—x):

—5 73 T V(@) p(=2) = Bp(—x) (1.8)

Since F is nondegenerate, there can be only one eigenfunction associ-
ated with this eigenvalue, so the ¢(—x) cannot be linearly independent
of ¢(x). The only possibility is that ¢(—z) is proportional to ¢(x):

p(—z) = Ap(x) (1.9)
where A is a constant. Changing x to —x in this equation,
o(x) = Ap(—1) (1.10)

and then using (1.9) to replace p(—x), yields

p(z) = A%p(z) (1.11)
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This requires that A2 = 1,i.e., A=1or A = —1. Combining this result
with (1.9) shows that the eigenfunctions ¢ of (1.4) must be either even

p(—x) = p(x) (1.12)

or odd

p(—z) = —p(x) (1.13)
under inversion. As we know from the solutions of Schrodinger’s equa-
tion for square-well potentials and the harmonic oscillator (Fig. 1.3),
both even and odd eigenfunctions are indeed obtained. Thus, not all
eigenfunctions have the symmetry of the Hamiltonian, although the
ground state usually does.® Nevertheless, the symmetry (1.6) does pro-
vide a classification of the eigenfunctions according to their parity under
inversion. This is a completely general result which forms one of the
central themes of this course.

1.2.2 Symmetries and Quantum Numbers

The example discussed in the preceding section showed how symmetry
enters explicitly into the solution of Schrodinger’s equation. In fact, we
can build on our discussion in Sec. 1.1.2, and especially Noether’s theo-
rem, to establish a general relationship between continuous symmetries
and quantum numbers.

Consider the time-dependent Schrodinger equation for a free particle
of mass m in one dimension:

h? 92
.h3_<p_ 0

=———. 1.14
ot 2m Oz ( )

The solutions to this equation are plane waves:
o, 1) = eilhr=en (1.15)

where k and w are related to the momentum and energy by p = hk
and F = hw. In other words, the quantum numbers k£ and w of the

3A notable exception to this is the phenomenon of spontaneous symmetry-
breaking discussed in Sec. 1.1, where the symmetry of the equations of motion
and the boundary conditions is not present in the observed solution for the ground
state.



Introduction 9

solutions to Eq. (1.14) correspond to the momentum and energy which,
because of the time- and space-translational covariance of this equation,
correspond to conserved quantities. Thus, quantum numbers are asso-
ciated with the symmetries of the system. Similarly, for systems with
rotational symmetry, such the hydrogen atom or, indeed, any atom,
the appropriate quantum numbers are the energy and the angular mo-
mentum, the latter producing two quantum numbers, as required by
Noether’s theorem, because the transformations have two degrees of
freedom.

1.2.3 Matrix Elements and Selection Rules

One of the most important uses of symmetry is to identify the matrix
elements of an operator which are required to vanish. Continuing with
the example in the preceding section, we consider the matrix elements
of an operator H' whose position representation H’'(x) has a definite
parity. The matrix elements of this operator are given by

Hyy = [ pila)H (@)p;() do (1.16)

where the range of integration is symmetric about the origin. If H’
has even parity, i.e., if H'(—z) = H'(x), as in (1.6), then these matrix
elements are nonvanishing only if ¢;(z) and ¢;(z) are both even or both
odd, since only in these cases is the integrand an even function of z.
This is called a selection rule , since the symmetry of H'(z) determines,
or selects, which matrix elements are nonvanishing.

Suppose now that H'(x) has odd parity, i.e., H'(—z) = —H'(z).
The matrix elements in (1.16) now vanishes if ¢;(z) and ¢;(x) are
both even or both odd, since these choices render the integrand an
odd function of x. In other words, the selection rule now states that
only eigenfunctions of opposite parity are coupled by such an operator.
Notice, however, that the use of symmetry only identifies which matrix
elements must vanish; it provides no information about the magnitude
of the nonvanishing matrix elements.

Suppose that

H'(z) = Az (1.17)
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where A is a constant, i.e., H'(x) is proportional to the coordinate x.
Such operators arise in the quantum theory of transitions induced by
an electromagnetic field.* H'(z) clearly has odd parity, so the matrix
elements (1.16) are nonvanishing only if ¢;(z) and ¢,(z) have opposite
parity. But, if

) n? d?

H(x) = 5 da? (1.18)
which is the coordinate representation of the kinetic energy operator,
then the matrix elements (1.16) are nonvanishing only if ¢;(z) and
¢;(z) have the same parity.

Selection rules are especially useful if there are broken symmetries .
For example, the Hamiltonian of an atom, which is the sum of the
kinetic energies of the electrons and their Coulomb potentials, is in-
variant under all rotations. But when an atom is placed in an electric
or magnetic field, the Hamiltonian acquires an additional term which
is mot invariant under all rotations, since the field now defines a pre-
ferred direction. These are the Stark and Zeeman effects, respectively.
A similar situation is encountered in quantum field theory when, be-
ginning with a Lagrangian that is invariant under certain symmetry
operations, a term is added which does not have this invariance. If
the symmetry-breaking terms in these cases are small, then selection
rules enter into the perturbative calculation around the solutions of the
symmetric theory.

1.3 Summary

The notion of symmetry implicit in all of the examples cited in this
chapter is endowed with the algebraic structure of “groups.” This is a
topic in mathematics that had its beginnings as a formal subject only
in the late 19th century. For some time, the only group that was know
and whose properties were studied were permutation groups. Cauchy
played a major part in developing the theory of permutations, but it
was the English mathematician Cayley who first formulated the notion
of an abstract group and used this to identify matrices and quaternions

4E. Merzbacher, Quantum Mechanics 2nd edn. (Wiley, New York, 1970), Ch. 18.



Introduction 11

as groups. In a later paper, Cayley showed that every finite group could
be represented in terms of permutations, a result that we will prove in
this course. The fact that geometric transformations, as discussed in
this chapter, and permutations, share the same algebraic structure is
part of the richness of the subject and is rooted in its history as an
adjunct to the study of algebraic solutions of equations. In the next
chapter, we discuss the basic properties of groups that form the basis
of this course.
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Chapter 2

Elements of Abstract Group
Theory

Mathematics is a game played according to certain simple rules with

meaningless marks on paper.
—David Hilbert!

The importance of symmetry in physics, and for quantum mechanics
in particular, was discussed in the preceding chapter. In this chapter,
we begin our development of the algebraic structure which enables us
to formalize what we mean by “symmetry” by introducing the notion
of a group and some related concepts. In the following chapters we will
explore the consequences of this algebraic structure for applications to
physics.

2.1 Groups: Definitions and Examples

The motivation for introducing an algebraic structure to describe sym-
metry in physical problems is based on transformations. But the def-
inition of a group is based on a much more abstract notion of what a
“transformation” entails. Accordingly, we first set out the conditions

LAs quoted in, N. Rose, Mathematical Mazims and Minims (Rome Press,
Raleigh, North Carolina, 1988).

13
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that an abstract group must satisfy and then consider both abstract
and concrete examples.

Definition. A group G is a set of elements {a, b, ¢, ...} together with
a binary composition law, called multiplication, which has the following
properties:

1. Closure. The composition of any two elements a and b in GG, called
the product and written ab, is itself an element c of G: ab = c.

2. Associativity.  The composition law is associative, i.e., for any
elements a, b, and ¢ in G, (ab)c = a(bc).

3. Identity. There exists an element, called the unit or identity and
denoted by e, such that ae = ea = a for every element a in G.

4. Inverses. Every element a in G has an inverse, denoted by a™!,

which is also in G, such that a 'a = aa™! = e.

The closure property ensures that the binary composition law does
not generate any elements outside of G. Associativity implies that
the computation of an n-fold product does not depend on how the
elements are grouped together.? For example, the product abe is un-
ambiguous because the two interpretations allowed by the existence of
a binary composition rule, (ab)c and a(bc), are equal. As will be shown
in Sec. 2.3, the left and right identities are equal and unique, as are
the left and right inverses of each element. Thus we can replace the
existence of an identity and inverses in the definition of a group with
the more “minimal” statements:

3! Identity. There exists a unique element, called the unit or identity
and denoted by e, such that ae = a for every element a in G.

4" Inverses. Every element a in G has a unique inverse, denoted by
a~', which is also in G, such that a~!a = e.

2In abstract algebra (the theory of calculation), binary composition can be asso-
ciative or non-associative. The most important non-associative algebras in physics
are Lie algebras, which will be discussed later in this course.
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The terms “multiplication,” “product,” and “unit” used in this def-
inition are not meant to imply that the composition law corresponds to
ordinary multiplication. The multiplication of two elements is only an
abstract rule for combining an ordered pair of two group elements to
obtain a third group element. The difference from ordinary multiplica-
tion becomes even more apparent from the fact that the composition
law need not be commutative, i.e., the product ab need not equal ba for
distinct group elements a and b. If a group does have a commutative
composition law, it is said to be commutative or Abelian .

Despite the somewhat abstract tone of these comments, a moment’s
reflection leads to the realization that the structure of groups is ideally
suited to the description of symmetry in physical systems. The group
elements often correspond to coordinate transformations of either ge-
ometrical objects or of equations of motion, with the composition law
corresponding to matrix multiplication or the usual composition law
of functions,? so the associativity property is guaranteed.* If two op-
erations each correspond to symmetry operations, then their product
clearly must as well. The identity corresponds to performing no trans-
formation at all and the inverse of each transformation corresponds
to performing the transformation in reverse, which must exist for the
transformation to be well-defined (cf. Example 2.4).

Example 2.1. Consider the set of integers,
., —3,-2,-1,0,1,2,3, ...

with the composition rule being ordinary addition. The sum of any two
integers is an integer, thus ensuring closure, addition is an associative
operation, 0 is the identity, and the inverse of n is —n, which is clearly
an integer. Thus, the integers form a group under addition. This group
is denoted by Z (derived from the German word Zahlen for integers).

3For two functions f(z) and g(x), the application of f, followed by the application
of g is g[f(z)], and the application of g followed by the application of f is f[g(x)].

4The associativity of linear operations in general, and matrices in particular,
is discussed by Wigner in Group Theory (Academic, New York, 1959), along with
other group properties.
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Since the order in which two integers are added is immaterial, Z is an
Abelian group. 1

Example 2.2. The importance of the composition law for determining
whether a set of elements forms a group can be seen by again considering
the integers, but now with ordinary multiplication as the composition
rule. The product of any two integers is again an integer, multiplication
is associative, the unit is 1, but the inverse of n is 1/n, which is not an
integer if n # 1. Hence, the integers with ordinary multiplication do
not form a group. §

Example 2.3. Consider the elements {1, —1} under ordinary multipli-
cation. This set is clearly closed under multiplication and associativity
is manifestly satisfied. The unit element is 1 and each element is its
own inverse. Hence, the set {1, —1} is a two-element group under mul-
tiplication. H

Example 2.4. Consider the set of 2x2 matrices with real entries

C Z) , (2.1)

such that the determinant, ad — be, is non-zero. The composition law
is the usual rule for matrix multiplication:

((Il bl > <CL2 b2> (alag +b162 a1b2 +b1d2>

C1 dl Co dg ci1a2 + d162 Cle + d1d2 '

To determine if this set of matrices forms a group, we must first show
that the product of two matrices with non-zero determinant is also a
matrix with non-zero determinant. This follows from that fact that
for any pair of 2x2 matrices A and B, their determinants, denoted
by det(A) and det(B), satisfy det(AB) = (detA)(detB). Associativity
can be verified with a straightforward, but laborious, calculation. The
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and the inverse of (2.1) is

1 d —b
ad — bc —C a ’
which explains the requirement that ad —bc # 0. This group is denoted
by GL(2,R), for general linear group of 2x2 matrices with real entries.

Note that the elements of this group form a continuous set, so GL(2,R)
is a continuous group. 1

2.2 Permutation Groups

A permutation of n objects is a rearrangement of those objects. When
combined with the usual rule for function composition for successive
permutations (see below), these permutations are endowed with the
structure of a group, which is denoted by S,,. At one time, permuta-
tion groups were the only groups studied by mathematicians and they
maintain a special status in the subject through Cayley’s theorem , which
establishes a relationship between S,, and every group with n elements.
In this section, we will examine the structure of S3, both as an abstract
group and as the symmetry group of an equilateral triangle.

The group S; is the set of all permutations of three distinguishable
objects, where each element corresponds to a particular permutation
of the three objects from a given reference order. Since the first object
can be put into any one of three positions, the second object into either
of two positions, and the last object only into the remaining position,
there are 3 X 2 X 1 = 6 elements in the set. These are listed below:

1 2 3 1 2 3 1 2 3
e= a= b=

1 2 3 2 1 3 1 3 2

1 2 3 1 2 3 1 2 3

3 2 1 3 1 2 2 31

In this notation, the top line represents the initial, or reference, order
of the objects and the bottom line represents the effect of the per-
mutation. The composition law corresponds to performing successive
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permutations and is carried out by rearranging the objects according to
the first permutation and then using this as the reference order to rear-
range the objects according to the second permutation. As an example,
consider the product ad, where we will use the convention that opera-
tions are performed from right to left, i.e., permutation d is performed
first, followed by permutation a. FElement d permutes the reference
order (1,2,3) into (3,1,2). Element a then permutes this by putting
the first object in the second position, the second object into the first
position, and leaves the third object in position three, i.e.,

< 1 2 3 ) ( 3 1 2 )

a= = )

2 1 3 1 3 2

Notice that it is only the permutation of the distinct objects, not their
labelling, which is important for specifying the permutation. Hence,

1 2 3
adz( >:b,
1 3 2

An analogous procedure shows that

2 1 3 1 2 3 1 2 3
“=(s )l aa)ls )=
3 2 1 2 1 3 3 2 1

which shows that the composition law is not commutative, so S3 is a
non-Abelian group.

A geometric realization of S3 can be established by considering the
symmetry transformations of an equilateral triangle (Fig. 2.1). The
elements a, b, and ¢ correspond to reflections through lines which in-
tersect the vertices at 3, 1, and 2, respectively, and d and f correspond
to clockwise rotations of this triangle by %71’ and %71’ radians, respec-
tively. The effects of each of these transformations on the positions
of the vertices of the triangle is identical with the corresponding ele-
ment of S3. Thus, there is a one-to-one correspondence between these
transformations and the elements of S3. Moreover, this correspondence
is preserved by the composition laws in the two groups. Consider for
example, the products ad and da calculated above for S3. For the equi-
lateral triangle, the product ad corresponds to a rotation followed by
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2 1 3

1 3 2 3 1 2
e a b
2 1 3

3 1 3 2 2 1
c d f

Figure 2.1: The symmetry transformations of an equilateral triangle labelled
by the corresponding elements of S3. The lines in the diagram corresponding
to the identity are lines through which reflections of transformations a, b and
c are taken. The transformations d and f are rotations.

a reflection. Thus, beginning with the standard order shown for the
identity the successive application of these transformations is shown

below:
2 1 3
_ _
d a
1 3 3 2 1 2

By comparing with Fig. 2.1, we see that the result of these transfor-
mations is equivalent to the transformation b. Similarly, one can show
that da = ¢ and, in fact, that all the products in S5 are identical to
those of the symmetry transformations of the equilateral triangle. Two
such groups that have the same algebraic structure are said to be iso-
morphic to one another and are, to all intents and purposes, identical.
This highlights the fact that it is the algebraic structure of the group
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which is important, not any particular realization of the group. Further
discussion of this point will be taken up in the next chapter.

2.3 Elementary Properties of Groups

The examples in the preceding section showed that all groups are en-
dowed with several general properties. In this section, we deduce some
additional properties which, although evident in particular examples,
can be shown generally to follow from the properties of abstract groups.

Theorem 2.1. (Uniqueness of the identity)  The identity element in
a group G is unique.

Proof. Suppose there are two identity elements e and €’ in G. Then,
according to the definition of a group, we must have that

ae =a
and
eda=a

for all @ in GG. Setting a = €’ in the first of these equations and a = e
in the second shows that

e =ée=ce,

soe=c¢'1

This theorem enables us to speak of the identity e of a group. The
notation e is derived from the German word Finheit for unity.

Another property common to all groups is the cancellation of com-
mon factors within equations. This property owes its existence to the
associativity of the group composition rule.
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Theorem 2.2. (Cancellation) In a group G, the left and right cancel-
lation laws hold, i.e., ab = ac implies b = ¢ and ba = ca implies b = c.

Proof. Suppose that ab = ac. Let a~! be an inverse of a. Then, by
left-multiplying by this inverse,

a '(ab) = a~ ' (ac)
and invoking associativity,
(a ta)b = (a'a)c,
we obtain
eb=ec,

so b = c¢. Similarly, beginning with ba = ca and right-multiplying by
a~! shows that b = ¢ in this case also. 1

Notice that the proof of this theorem does not require the inverse
of a group element to be unique; only the existence of an inverse was
required. In fact, the cancellation theorem can be used to prove that
inverses are, indeed, unique.

Theorem 2.3. (Uniqueness of inverses) For each element a in a
group G, there is a unique element b in G such that ab = ba = e.

Proof. Suppose that there are two inverses b and ¢ of a. Then ab = e
and ac = e. Thus, ab = ac, so by the Cancellation Theorem, b = c. |l

As in the case of the identity of a group, we may now speak of the
inverse of every element in a group, which we denote by a~!. As was
discussed in Sec. 2.1, this notation is borrowed from ordinary multipli-
cation, as are most other notations for the group composition rule. For
example, the n-fold product of a group element g with itself is denoted
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by ¢". Similarly ¢g"¢g™ = ¢g"*™, which conforms to the usual rule of ex-
ponents for real numbers. However, there are some notable exceptions.
For two group elements a and b, the equality of (ab)™ and a™b" does
not generally hold. As the examples in Sec. 2.1 demonstrated, as long
as this notation is interpreted in the context of the appropriate group
composition rule, no confusion should arise.

2.4 Discrete and Continuous Groups

Groups are divided into two general categories: discrete and continuous.
The basis definitions apply to both types of group, but the discussion
of a number of properties depends sensitively on the discrete or con-
tinuous nature of the group. In this course, we will focus our attention
on discrete groups first, to establish a conceptual base, and consider
continuous groups later in the course.

2.4.1 Finite Groups

One of the most fundamental properties of a group G is number of
elements contained in the group. This is termed the order of G and is
denoted by |G|. The group Z of integers under addition, has infinite
order and the order of S5, the group of permutations of three objects,
is 6. We will be concerned initially with finite groups which, apart
from their applicability to a range of physical problems, have a number
interesting arithmetic properties.

Finite groups also have properties which are not shared by either
infinite or continuous groups. For example, if an element ¢ of a finite
group G is multiplied by itself enough times, the unit e is eventually re-
covered. Clearly, multiplying any element g by itself a number of times
greater than |G| must eventually lead to a recurrence of the product,
since the number of distinct products is bounded from above by |G|.
To show this explicitly, we denote a recurring product by a and write

where p = ¢ + n. Then, by using the associativity of the composition
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law, g7t = g%g" = g"g¢?, so

and, from the definition of the identity and its uniqueness, we conclude
that

gr=e.

Thus, the set of elements g, g%, ¢°, ... represents a recurring sequence.
The order of an element ¢, denoted by |g|, is the smallest value of k
such that ¢ = e. The period of such an element ¢ is the collection of
elements {e, g,¢% ..., 9" 1}

Example 2.5. Using S; as an example, |a| = [b] = |¢] = 2 and
|d| = |f| = 3. The corresponding periods are {e,a}, {e,b}, {e,c},
and {e,d, f = d*}. 1

Theorem 2.4. (Rearrangement Theorem) If {e, g1,92,...,9,} are
the elements of a group G, and if g, is an arbitrary group element,
then the set of elements

Gar = {€gr, 919k, 929k, - - - » GnGr }

contains each group element once and only once.

Proof. The set Ggy contains |G| elements. Suppose two elements of
Ggy, are equal: g;gr, = g;g,. By the Cancellation Theorem, we must have
that g; = g;. Hence, each group element appears once and only once in
Gy, so the sets G and Gg; are identical apart from a rearrangement
of the order of the elements if g, is not the identity. §
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2.4.2 Multiplication Tables

One application of this theorem is in the representation of the compo-
sition law for a finite group as a multiplication table . Such a table is a
square array with the rows and columns labelled by the elements of the
group and the entries corresponding to the products, i.e., the element
gi; in the 7th row and jth column is the product of the element g; la-
belling that row and the element g, labelling that column: g;; = ¢,9;.
To see how the construction of multiplication tables proceeds by utiliz-
ing only the abstract group properties, consider the simplest nontrivial
group, that with two distinct elements {e, a}. We clearly must have the
products e? = e and ea = ae = a. The Rearrangement Theorem then
requires that a? = e. The multiplication table for this group is shown
below:

9y
QL O|®
o Q|

Note that the entries of this table are symmetric about the main diag-
onal, which implies that this group is Abelian.

Now consider the group with three distinct elements: {e, a,b}. The
only products which we must determine explicitly are ab, ba, a?, and b?
since all other products involve the unit e. The product ab cannot equal
a or b, since that would imply that either b = e or a = e, respectively.
Thus, ab = e. The Cancellation Theorem then requires that a®> = e,
b?> = a, and ba = e. The multiplication table for this group is shown
below:

e a b
ele a b
ala b e
b|b e a

Because the entries of this table are symmetric about the main diagonal,
this group is also Abelian. Our procedure shows that every group
with two or three elements must have the multiplication tables just
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calculated, i.e., the algebraic structures of group with two and three
elements are unique! Thus, we can speak of the group with two elements
and the group with three elements. A similar procedure for groups
with four elements {e, a,b,c} yields two distinct multiplication tables
(Problem Set 2). As a final example, the multiplication table for Ss is
shown below:

QO QO

O w0 QoS
D - 9 O O Q.

S0 QU Q|
Q T QOO

R 0O 9 o
S QA 0O 9 oo

As is immediately evident from this table, S3 not Abelian.

2.5 Subgroups and Cosets

If, from a group G, we select a subset H of elements which themselves
form a group under the same composition law, H is said to be a sub-
group of G. According to this definition, the unit element {e} forms a
subgroup of GG, and G is a subgroup of itself. These are termed improper
subgroups. The determination of proper subgroups is one of the cen-
tral concerns of group theory. In physical applications, subgroups arise
in the description of symmetry-breaking, where a term is added to a
Hamiltonian or a Lagrangian which lowers the symmetry to a subgroup
of the original symmetry operations.

Example 2.6. The group S5 has a number of proper subgroups: {e, a},
{e,b}, {e,c}, and {e,d, f}. The identification of these subgroups is
most easily carried out by referring to the symmetry operations of an
equilateral triangle (Fig. 2.1). 1
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If H = {e,hy1,hs,...,h.} is a subgroup of a group G, and g is an
element of G, then the set

Hg ={eg,hg, hag. ... h.g}
is a right coset of H. Similarly, the set
gH - {ge7ghlvgh27 s 7gh7'}

is a leftcoset of H. A coset need not be a subgroup; it will be a subgroup
only if ¢ is an element of H.

Theorem 2.5. Two cosets of a subgroup either contain exactly the
same elements or else have no common elements.

Proof. These cosets either have no common elements or have at
least one common element. We will show that if there is a single in
common, then all elements are common to both subgroups. Let Hg,
and H gy be two right cosets. If one common element of these cosets is
higl = hjgg, then

9291 " = h; 'hi
SO gogy * is in H. But also contained in H are the elements

Hagogi' = {ega97 ", 19297 ' hagogr 'y ... hegogy '}

since, according to the Rearrangement Theorem, each element of H
appears once and only once in this sequence. Therefore, the elements
of Hg, are identical to those of

(Hgo97 )91 = Hga(g7 ' 91) = Hgo

so these two cosets have only common elements. |

Example 2.7. Consider again the group S and its subgroup H = {e,a}
(Example 2.6). The right cosets of this subgroup are

{e,a}e ={e,a}, {e,a}a={a,e}, {e,a}b={b,d}
{e;ate={c, [}, {e,a}d={d,b}, {e,a}f={f.c}
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We see that there are three distinct right cosets of {e,a},

{e;a},  {bd},  A{cf}

of which only the first is a subgroup (why?). Similarly, there are three
left cosets of {e,a}:

{e,a},  Hedy, {0 f}

Notice that the left and right cosets are not the same. 1

Theorem 2.6 (Lagrange’s theorem).  The order of a subgroup H of
a finite group G is a divisor of the order of G, i.e., |H| divides |G|.

Proof. Cosets either have all elements in common or they are dis-
tinct (Theorem 2.5). This fact, combined with the Rearrangement The-
orem, means that every element of the group must appear in exactly
one distinct coset. Thus, since each coset clearly has the same number
of elements, the number of distinct cosets, which is called the index
of the subgroup, multiplied by the number of elements in the coset, is
equal to the order of the group. Hence, since the order of the coset and
the subgroup are equal, the order of the group divided by the order of
the subgroup is equal to the number of distinct cosets, i.e., an integer.

Example 2.8. The subgroup {e, a} of S is of order 2 and the subgroup
{e,d, f} is of order 3. Both 2 and 3 are divisors of |S3| = 6.

Lagrange’s theorem identifies the allowable orders of the subgroups
of a given group. But the converse of Lagrange’s theorem is not gener-
ally valid, i.e., the orders of the subgroups of a group G need not span
the divisors of G.
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2.6 The Quotient Group

2.6.1 Conjugacy Classes

Two elements a and b of a group G are said to be conjugate if there is
an element ¢ in the group, called the conjugating element, such that
a = gbg~'. Conjugation is an example of what is called an equivalence

U—"

relation , which is denoted by “=,” and is defined by three conditions:

1. a = a (reflexive).
2. If a = b, then b = a (symmetric).
3. If a=0band b= ¢, then a = ¢ (transitive).

To show that conjugacy corresponds to an equivalence relation we
consider each of these conditions in turn. By choosing ¢ = e as the
conjugating element, we have that a = eae™! = a, so a = a. If a = b,
then a = gbg~!, which we can rewrite as

g lag =g la(g™") " =0
so b = a, with ¢! as the conjugating element. Finally, to show tran-
sitivity, the relations ¢ = b and b = ¢ imply that there are elements ¢,

and gy such that b = gyag; ' and ¢ = gobg, *. Hence,

¢ = gobgy ' = gogragy 93" = (g2g1)algagn) ™"

so c¢ is conjugate to a with the conjugating element ¢,g,. Thus, conju-
gation fulfills the three conditions of an equivalency class.

One important consequence of equivalence is that it permits the
assembly of classes, i.e., sets of equivalent quantities. In particular,
a conjugacy class is the totality of elements which can be obtained
from a given group element by conjugation. Group elements in the
same conjugacy class have several common properties. For example,
all elements of the same class have the same order. To see this, we
begin with the definition of the order n of an element a as the smallest
integer such that a® = e. An arbitrary conjugate b of a is b = gag*.
Hence,

b" = (gag ")(gag™")---(gag™") = ga"g ' = geg ' =e

n factors
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so b has the same order as a.

Example 2.9. The group S; has three classes: {e}, {a,b, c}, and {d, f}.
As we discussed in Example 2.5, the order of a, b, and ¢ is two, and the
order of d and f is 3. The order of the unit element is 1 and is always
in a class by itself. Notice that each class corresponds to a distinct kind
of symmetry operation on an equilateral triangle. The operations a, b,
and ¢ correspond to reflections, while d and f correspond to rotations.
In terms of operations in S3, the elements d and f correspond to cyclic
permutations of the reference order, e.g., 1 — 2, 2 — 3, and 3 — 1,
while a, b, and ¢ correspond to permutations which are not cyclic. I

2.6.2 Self-Conjugate Subgroups

A subgroup H of G is self-conjugate if the elements gH g~! are identical

with those of H for all elements g of G. The terms invariant subgroup
and normal subgroup are also used. A group with no self-conjugate
proper subgroups is called simple. If gHg~! = H for all g in G, then
given an element h; in H, for any a, we can find an element hs in H such
that ahia™! = hy, which implies that ah; = hea, or that aH = Ha.
This last equality yields another definition of a self-conjugate subgroup
as one whose left and right cosets are equal. From the definition of self-
conjugacy and of classes, we can furthermore conclude that a subgroup
H of G is self-conjugate if and only if it contains elements of G in
complete classes, i.e., H contains either all or none of the elements of
classes of G.

The cosets of a self-conjugate subgroup are themselves endowed with
a group structure, with multiplication corresponding to an element-by-
element composition of two cosets and discounting duplicate products.
We show first that the multiplication of the elements of two right cosets
of a conjugate subgroup yields another right coset. Let H be a self-
conjugate subgroup of G and consider the two right cosets Ha and Hb.
Then, the multiplication of Ha and Hb produces products of the form

hiah;b = h;(ah;)b
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The product ah; can be written as hia for some hy in H, since H is
assumed to be self-conjugate. Thus, we have

hi(ah;)b = hi(hra)b = (hihy,)(ab)

which is clearly an element of a right coset of H.

Example 2.10. Consider the subgroup {e, d, f} of S5. Right-multiplying
this subgroup by each element of S3 yields the right cosets of this sub-

group:
{evd>f}6: {e7d>f}7 {evda f}a: {avcv b}7 {evdv f}b: {bch?C}
{e.d, fre={c,b,a}, {e,d fld=Ad, f.e}, {ed fif={fed}

Similarly, left-multiplying by each element of S3 produces the left cosets
of this subgroup:

efe,d, f} ={e,d, f}, ale,d, f} ={a,b,c}, bled, f}={b,c,a}
C{€7d7f}:{c7a7b}7 d{e7d7f}:{d7f7e}7 f{€7d7f}:{f7e7d}

Thus, since the right and left cosets of {e,d, f} are the same, these
elements form a self-conjugate subgroup of S3 whose distinct cosets
are {e,d, f} and {a,b,c}. Multiplying these subgroups together and
neglecting duplicate elements yields

{6, d?f}{eada f} = {€>d> f}> {eada f}{a7b’ C} = {a,b, C}
{a,b,cH{e,d, f} ={a,b,c}, {a,b,c}{a,b,c} ={e,d, f}

The quotient group (also called the factor group ) of a self-conjugate
subgroup is the collection of cosets, each being considered an element.
The order of the factor group is equal to the index of the self-conjugate
subgroup. With the notation used above, the quotient group is denoted
by G/H.
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Example 2.11. The cosets of the self-conjugate subgroup {e,d, f} of
Sy are {e,d, f} and {a,b, c}, so the order of the factor group is two. If
we use the notation

E={ed ft, A={abc} (2.2)

for the elements of the factor group, we can use the results of Example
2.8 to construct the multiplication table for this group (shown below)
from which see that £ is the identity of the factor group, and £ and

& A
E1E A
Al A &

A are their own inverses. Note that this multiplication table has the
identical structure as the two-element group {e, a} discussed in Sec. 2.4.

2.7 Summary

In this chapter, we have covered only the most basic properties of
groups. One of the remarkable aspects of this subject, already evident
in some of the discussion here, is that the four properties that define a
group, have such an enormous implication for the properties of groups,
quite apart from their implications for physical applications, which will
be explored throughout this course. A comprehensive discussion of the
mathematical theory of groups, including many wider issues in both
pure and applied mathematics, may be found in the book by Gallian.?

5J.A. Gallian, Contemporary Abstract Algebra 4th edn. (Houghton Mifflin,
Boston, 1998).



Chapter 3

Representations of Groups

How can it be that mathematics, being after all a product of human
thought which is independent of experience, is so admirably appropriate
to the objects of reality?

—Albert Einstein

The structure of abstract groups developed in Chapter 2 forms the
basis for the application of group theory to physical problems. Typi-
cally in such applications, the group elements correspond to symmetry
operations which are carried out on spatial coordinates. When these
operations are represented as linear transformations with respect to a
coordinate system, the resulting matrices, together with the usual rule
for matrix multiplication, form a group that is equivalent to the group
of symmetry operations in a sense to be made precise later in this chap-
ter. In essence, these matrices form what is called a representation of
the symmetry group with each element corresponding to a particular
matrix.

For applications to quantum mechanics, as we have seen in Sec-
tion 1.2, the symmetry operations are performed on the Hamiltonian,
whose invariance properties determine the symmetry group. The wave-
functions, which do not all share the symmetry of the Hamiltonian,
will be seen to determine the representations of the symmetry group in
the sense described above. These representations will, in turn, provide
a classification scheme for the eigenfunctions of the Hamiltonian, in

33
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analogous fashion to the identification of even and odd eigenfunctions
in Section 1.2. The strength of the group-theoretic formalism that we
will develop is that this procedure can be carried out in a systematic
fashion for a Hamiltonian having any symmetry without undue com-
putational effort.

In this chapter, we will set out the basic definitions that enable us to
construct a mathematical definition of what we mean by a representa-
tion and discuss the basic types of representation. In the next chapter
we will develop a number of remarkable properties of representations
that lie at the heart of applications of discrete group theory to quantum
mechanics.

3.1 Homomorphisms and Isomorphisms

Consider two finite groups G and G’ with elements {e, a,b,...} and
{¢/,d’,V,...} and which need not be of the same order. Suppose there
is a mapping ¢ between the elements of G and G’ which preserves their
composition rules, i.e., if a’ = ¢(a) and b’ = ¢(b), then

¢(ab) = ¢(a)p(b) = a't/

If the order of the two groups is the same, then this mapping is said to
be an isomorphism and the two groups are isomorphic to one another.
This is denoted by G ~ G’. If the order of the two groups is not
the same, then the mapping is a homomorphism and the two groups
are said to be homomorphic . Thus, an isomorphism is a one-to-one
correspondence between two groups, while a homomorphism is a many-
to-one correspondence. An isomorphism preserves the structure of the
original group, but a homomorphism causes some of the structure of the
original group to be lost. Both properties are reflected in the behavior
of multiplication tables under these mappings. Homomorphisms and
isomorphisms are not limited to finite groups nor even to groups with
discrete elements.

Example 3.1. We saw in Sec. 2.2 that S5 is isomorphic to the planar
symmetry operations of an equilateral triangle, since there is a one-to-
one correspondence between the elements of the two groups and they
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have the same multiplication table. On the other hand, consider the
correspondence between the elements of S; and the elements of the
quotient group of Sz discussed in Examples 2.9 and 2.11):

{e.d. [} = {&},  H{abc} —{A} (3.1)
i.e. the mapping ¢ is defined by

de)=E =€ o(f)=¢
da)=A b)=A o(c)=A

This is a homomorphism because three elements of S3 correspond to a
single element of the quotient group. To see that this mapping preserves
multiplication, we rearrange the multiplication table of S3 (Example
2.2) as follows:

(3.2)

|
| tnlon
SIBNBN

0O Q| A

O T [H XU |D
QO D
R O D |
QA0 2|
0 A0 @ oo
D QAUHQ 0|0

where the mapping of the multiplication table onto the elements {£, A}
is precisely that of a two-element group (cf. Example 2.9). This homo-
morphism clearly causes some of the structure of the original group to
be lost. For example, S5 is non-Abelian group, but the two-element
group is Abelian.l

3.2 Representations

A representation of dimension n of an abstract group G is a homomor-
phism or isomorphism between the elements of G and the group of
nonsingular n X n matrices (i.e. n X n matrices with non-zero deter-
minant) with complex entries and with ordinary matrix multiplication
as the composition law (Example 2.4). An isomorphic representation
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<

Figure 3.1: The coordinate system used to generate a two-dimensional rep-
resentation of the symmetry group of the equilateral triangle. The origin of
the coordinate system coincides with the geometric center of the triangle.

is called a faithful representation and a homomorphic representation is
called an unfaithful representation.

According to this definition, if elements a and b of G are assigned
matrices D(a) and D(b), then D(a)D(b) = D(ab). The nonsingular
nature of the matrices is required because inverses must be contained
in the set (Example 2.4). Representations can also be comprised of
numbers; the dimensionality of such representations is unity.

Example 3.2. Consider the following matrix representation of S3 based
on the correspondence with planar symmetry operations of an equilat-

eral triangle:
1 =3 ) 1 V3
(—Jﬁ -1 ) - <\/§ —1>

1 0
e= , a=
0 1
(3.3)
CcC = s = s =
0 1 V3 1 —/3 —1
These matrices were generated by regarding each of the symmetry op-
erations as a linear transformation in the coordinate system shown in
Fig. 3.1. Matrices a, b, and ¢ correspond to reflections, so their deter-

minant is —1, while matrices d and f correspond to rotations, so their
determinant is 1. These matrices form a faithful representation of Ss.

N |
N

N[+
N[
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Consider now the following mapping between the elements of S
and the set {1, —1}:

{e. f} = {1}, Habcp = {1} (3.4)

This is essentially a mapping between the elements of S5 and the de-
terminant of their matrix representation discussed above. Thus, the
identity matrix e and the rotations d and f have determinants of 1,
while the reflections a, b, and ¢ have determinants of —1. The physical
interpretation of this homomorphism is therefore as a mapping from
the individual elements of S3 to their parity, i.e., whether they change
the orientation of the coordinate system (—1) or not (1).! Since the
determinant provides less information about a transformation than its
matrix representation, it is clear that some information about the group
structure of S3 is not preserved by this homomorphism.
Finally, we note that the mapping of all elements to unity,

{e7a7b7c7d7f}|—>1

is a representation of any group, though clearly an unfaithful one. This
is called the identical representation . In the present case, the identical
representation corresponds to a mapping from the group element to
the absolute value of the determinant. Since all of the transformations
preserve the lengths of vectors, any product of these transformations
does so as well. I

Representations of groups are important in quantum mechanics for
several reasons. First, the eigenfunctions of a Hamiltonian will trans-
form under the symmetry operations of that Hamiltonian according to
a particular representation of that group. Second, quantum mechanical
operators are often written in terms of their matrix elements, so it is
convenient to write symmetry operations in the same kind of matrix
representation. Moreover, the evaluation of these matrix elements may
sometimes be simplified by identifying the appropriate selection rules

'In terms of the operations of S3, even parity corresponds to an even number
of pairwise interchanges, while odd parity corresponds to an odd number of such
interchanges.



38 Representations of Groups

(Section 1.2). Finally, the algebra of matrices is generally simpler to
carry out than abstract symmetry operations. Thus, in the next section,
we discuss some of the important properties of matrix representations
of groups.

3.3 Reducible and Irreducible Represen-
tations

The definition of a representation provides for considerable flexibility
in constructing matrix representations, which is manifested in several
ways, but also indicates that representations are not unique. We con-
sider some examples.

Given a matrix representation

{D(e), D(a), D(b), ... }

of an abstract group with elements {e, a, b, ...}, we can obtain a new set
of matrices which also form a representation by performing a transfor-
mation known variously as a similarity , equivalence , or canonical trans-
formation (cf. Sec. 2.6):

{BD(e)B™!,BD(a)B™!, BD()B ™", ... } (3.5)

Such transformations arise quite naturally, for example, in carrying out
a change of basis for a set of matrices. Thus, suppose one begins with
the matrix equation b = Aa relating two vectors a and b through a
transformation A. If we now wish to express this equation in another
basis which is obtained from the original basis by applying a transfor-
mation B, we can write

Bb= BAa = BAB 'Ba
so in the new basis, our original equation becomes
b= Ad

where b = Bb, @’ = Ba, and A’ = BAB~!. A similarity transfor-
mation can therefore be interpreted as a sequence of transformations
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involving first a transformation to the original basis (B~!), then per-
forming the transformation A, and finally transforming back to the
new basis (B). Referring back to the discussion in Section 2.6 on con-
jugacy classes, we see that group elements in the same conjugacy class
represent the same type of transformation (e.g., reflection or rotation)
which can be transformed into one another by particular symmetry
operations.

Suppose we have representations of dimensions m and n. We can
construct a representation of dimension m-+n by forming block-diagonal
matrices:

(20 ol 120 22 ) oo

where {D(e), D(a), D(b),...} is an n-dimensional representation and
{D'(e), D'(a), D'(b), ...} an m-dimensional representation of the group
G, and the symbol 0 is an n X m or an m X n zero matrix, as required by
its position in the supermatrix. Each of the m+n-dimensional matrices
formed in this manner is called a directsum of the n- and m-dimensional
component matrices. The direct sum is denoted by “@” to distinguish
it from the ordinary addition of two matrices. Thus, we can write the
representation in (3.6) as

{D(e) ® D'(¢), D(a) ® D'(a), D(b) ® D'(b),--}

The two representations that form this direct sum can be either distinct
or identical and, of course, the block-diagonal form can be continued
indefinitely simply by incorporating additional representations in diag-
onal blocks. However, in all such constructions, we are not actually
generating anything intrinsically new; we are simply reproducing the
properties of known representations. Thus, although representations
are a convenient way of associating matrices with group elements, the
freedom we have in constructing representations, exemplified in (3.5)
and (3.6), does not readily demonstrate that these matrices embody
any intrinsic characteristics of the group they represent. Accordingly,
we now describe a way of classifying equivalent representations and
then introduce a refinement of our definition of a representation.
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To overcome the problem of nonuniqueness posed by representations
that are related by similarity transformations we consider the sum of
the diagonal elements of an n x n matrix A, called the trace of A and
by “tr”:

The utility of the trace stems from its invariance under similarity trans-
formations, i.e.,

tr(A) = tr(BAB™")

The importance of this invariance, the proof of which is discussed in
Problem Set 4, is that, although there is an infinite variety of represen-
tations related by similarity transformations, each such representation
has the same set of traces associated with each of its elements.

But working with the trace alone does not alleviate the nonunique-
ness of representations posed by (3.6). To address this issue, we in-
troduce the concept of an irreducible representation. Representations
such as those in (3.6) are termed reducible because they are the direct
sum of two (or more) representations. We could, of course, perform
a similarity transformation to obtain a representation that is not in
block form, but the representation so obtained is still deemed to be
reducible because it was obtained from matrices which originally were
in block form. Based on these considerations, we define reducible and
irreducible representations as follows:

Definition. If the same similarity transformation brings all of the ma-
trices of a representation into the same block form (by which we mean
matrices of the same dimension in the same positions), then this repre-
sentation is said to be reducible . Otherwise, the representation is said
to be irreducible .

Thus, irreducible representations cannot be expressed in terms of
representations of lower dimensionality. One-dimensional representa-
tions are, by definition, always irreducible. Determining the irreducible
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representations of groups is one of the central issues to be covered in
the following chapters.

Example 3.4. All of the representations of S3 discussed in Example
3.2 are irreducible. This is clear for the identical representation and for
the representation in (3.4), since they are composed of numbers. But
we can use these representations to construct the following manifestly
reducible representation of Sj:

) =686
=0 =G G

The representation in (3.3) is #rreducible. There is no similarity
transformation that will bring all of the matrices into block-diagonal
form which, for the case here, means simple diagonalization. The easiest
way to see this is from the point of view of the commutability of two
matrices. If two matrices can be brought into diagonal form by the same
similarity transformation, then they commute. As diagonal matrices,
they certainly commute, so they must also commute in their original
form. But a glance at the multiplication table for these matrices (recall
that they are a faithful representation of S3) in Example 2.2 shows that
they do not all commute. Hence, they cannot all be simultaneously
diagonalized, so this representation is irreducible. I

3.4 Unitary Representations

Representations of groups are useful because of orthogonality theorems
which we will prove in the next chapter. As background to that dis-
cussion, we will prove in this section an important result about the
unitarity of representations. But we first review some general proper-
ties of matrices.

We begin by considering the transformation of an n x n matrix A
with entries A;;, 4,7 = 1,2,...,n, under the action of various opera-
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tions. The complex conjugate of A, denoted by A*, has entries which
are the complex conjugates of the corresponding entries of A:

(A%)i; = (Ay)" (3.7)

The transpose of A, denoted by A', has its rows and columns inter-
changed with respect to those of A:

(A%)ij = Aji (3.8)

When applied to vectors, the transpose transforms a row vector into a
column vector and wvice versa. The transpose of a product of matrices

A B,C,...1is
(ABC'-- )t = ... C*B'A" (3.9)

i.e., the order of matrix multiplication is reversed. This can be proven
easily from the definition (3.8). Finally, the adjoint or Hermitian conju-
gate of A, denoted by A, is the transposed conjugate of A, i.e.

(AN)i; = (Aj)* (3.10)

In common with the transpose, the application of the Hermitian conju-
gate to a product of matrices A, B, C, ... can be expressed as a product
of Hermitian conjugates of the individual matrices, but with the order
reversed:

(ABO...)T:...CTBTAT (3‘11)

3.4.1 Hermitian and Orthogonal Matrices

A matrix A is Hermitian if
Al =A (3.12)

Hermitian matrices and Hermitian operators are familiar from quan-
tum mechanics, where their properties of having real eigenvalues and
orthogonal eigenvectors are of fundamental importance. A matrix A is
orthogonal if its transpose is its inverse:

AtA = AA =T (3.13)
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where [ is the n X n unit matrix. In terms of matrix components, this
condition reads

Z akiakj = Z aikajk = (52']' (314)
k=1 k=1
where

0, ifi+#j;
5y = { 7 (3.15)

1, ifi=y
is the Kronecker delta . Thus, the rows of an orthogonal matrix are
mutually orthogonal, as are the columns. The consequences of the
orthogonality of a transformation matrix can be seen by examining the

effect of applying an orthogonal matrix A to two n-dimensional vectors
u and v, yielding vectors v’ and v':

u' = Au, v = Av
We now take the scalar, or ‘dot,” product between u' and v’
(u',v) = () = (Au)' Av = u' A'Av = u'v = (u,v) (3.16)

where we have used (3.11) and the fact that A is orthogonal. This
shows that the relative orientations and the lengths of vectors are pre-
served by orthogonal transformations. Such transformations are either
rigid rotations, which preserve the “handedness” (i.e., left or right)
of a coordinate system, and are called proper rotations, or reflections,
which reverse the “handedness” of a coordinate system, and are called
improper “rotations.”

3.4.2 Unitary Matrices

A third type of matrix, called unitary , has the property that
ATA=AAT =1 (3.17)

By writing this condition in terms of matrix components,

Y apan =Y apay, = 0y (3.18)
k=1 k=1
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we see that, in common with orthogonal matrices, the rows and columns
of a unitary matrix are orthogonal, but with respect to a different scalar
product. For two vectors u and v, this scalar product is defined as

(u,v) = u'v (3.19)

This generalizes the familiar dot product to complex vectors in n di-
mensions. We can now show, by proceeding as above, that unitary
transformations leave the scalar product invariant:

(v, v') = (u) v = (Au) Av = ul ATAv = ulv = (u,v) (3.20)

The property of unitarity, when applied to operators, is of immense
importance in quantum mechanics because it enables changes of bases
to be performed while preserving the orthogonality of bases and, thus,
the overlap between wavefunctions. In this sense, unitary matrices
are associated with proper and improper “rotations,” in analogy with
orthogonal matrices.

3.4.3 Diagonalization of Hermitian Matrices”

Let H be an n x n Hermitian matrix. The eigenvalue equation for this
matrix is

Ha = \a (3.21)
By writing this equation as
(H—X)a=0 (3.22)

the eigenvalue equation in (3.21) has nontrivial solutions for a if and
only if the determinant of the matrix of coefficients in (3.22) vanishes:

det(H — \XI) =0 (3.23)

The expansion of the determinant leads to an nth-order polynomial in
A whose solution yields the n (not necessarily distinct) eigenvalues of
H: >\17)\27~--7)\n-

We now show that the eigenvectors of H which correspond to dis-
tinct eigenvalues are orthogonal. Consider the eigenvalue equations for
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two eigenvectors a and b corresponding to distinct eigenvalues A and
1, respectively:
Ha = )a (3.24)
Hb = ub (3.25)

We now take the scalar product between b and (3.24) and that between
(3.25) and a:

b'(Ha) = \b'a (3.26)
(b'HNa = ub'a (3.27)

Subtracting (3.27) from (3.26), and using the fact that H is Hermitian
yields

(A —pbla=b"Ha—-b'Hla=0 (3.28)

which, since A # p, implies that bla = 0, i.c., that a and b are or-
thogonal. If A and p are not distinct, we must use a Gram—Schmidt
procedure to explicitly construct an orthogonal set of eigenvectors as-
sociated with the degenerate eigenvalue. Thus, the eigenvectors of a
Hermitian matrix can always be chosen to form an orthogonal set.
Consider the matrix U whose columns are the eigenvectors of H:

U= (ay,as,...,a,)

We can then write (3.21) in a form that subsumes all the eigenvectors
of H as follows:

HU =UD (3.29)
where D is the diagonal matrix whose entries are the eigenvalues of H:

) VR O

0 XN -+ 0
D:

0 0 - N
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Since the rows of U are composed of the (orthogonal) eigenvectors of
H, it has the property that (cf. 3.18)

UlU=0U"=1
i.e., U' = U', so U is unitary. Hence, we can rewrite (3.29) as
U'HU =U'HU = D

We have proven the following theorem:

Theorem 3.1. Any Hermitian matrix can be diagonalized by an ap-
propriate unitary transformation.

This theorem will be used in the next section to prove an important
result concerning the existence of unitary group representations.

3.4.4 Transformation to Unitary Representations

We have seen in Section 3.3 that there is considerable flexibility in
constructing group representations. In this section, we take a first step
in restricting this freedom by showing that any representation can be
expressed entirely in terms of unitary matrices. Quite apart from the
convenient properties of unitary matrices discussed in Section 3.4.2,
this theorem allows to think of group representations as proper and
improper complex “rotations.”

Theorem 3.2. Every representation can be brought into unitary form
by a similarity transformation.

Proof. Let {A1, Ay, ..., Ajg} be a d-dimensional representation of
a group G, i.e., the A, are a set of |G| d X d matrices with nonvanishing
determinants. From these matrices we form a matrix H given by the
sum

c|
H=Y A,Al
a=1
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This matrix is Hermitian because, using the property (3.11),

Hi =Y (4,40) = X Aadl =

According to Theorem 3.1, any Hermitian matrix can be diagonalized
by some unitary transformation U. Denoting the diagonalized form of
H by D, we have D = UTHU, which enables us to write D as

D =Y U4, AU =S (UTAU)UTALU) = ST (UTAU)(UTALU)

«

By introducing the notation A, = UTA,U, we can write the last equa-
tion in a more concise form as

D= AAl (3.30)

The diagonal elements of D are real, because

Di = XY (Au)yy (A1),
= ZZ A k] A

leoz)lcj‘2

:%:Z(

for k =1,2,...,d, and positive, because the summation over j includes
a diagonal element of the identity, which is a d x d unit matrix, and
hence is equal to unity. Thus, the diagonal matrix D'/?,

DI 0 - 0

i 0 D%Q 0
1/2

0 0o .- DY

and D=2 which is given by an analogous expression, both have posi-
tive entries.
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We now form the matrices
B, =D"'?4,D'?
from which we obtain the corresponding Hermitian conjugates:
BL _ (D_l/QAaDl/Q)T — Dl/QATaD—l/Z

We will now demonstrate that the B, are unitary by first showing that
the product B, B, is equal to the identity matrix. The product B,B]
is given by

BQBL — (D’I/QAQDIM) (DlﬂATQD’l/z)

— DY2A DAt D Y/?

The definition of D in (3.30) and the associativity of matrix multipli-
cation allow us to write this expression as

B,Bl = DY?Y" A, AAt At D12
J
= D7V (A, Ap) (A, Ag) D712

J

Since the A, are a representation of G, then so are the A, (Problem 3,
Problem Set 4). Hence, the product /Nlaflg is another matrix 1217 in this
representation. Moreover, according to the Rearrangement Theorem,
the sum over all 5 means that the set of flv obtained from these prod-
ucts contains the matrix corresponding to each group element once and
only once. Thus,

—-1/2 A A —-1/2
BBl =D '?Y A AT DV =1
v

——
D

where [ is the d X d unit matrix. This result can also be used to show
that B! B, = I. Thus, the B,, which are obtained from the original
representation by a similarity transformation,

B, = DYV2UL A UDY? = (UDY?) "' A, (UDY?)

form a unitary representation of GG. Hence, without any loss of gener-
ality, we may always assume that a representation is unitary. I
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3.5 Summary

The main concepts introduced in this chapter are faithful and unfaithful
representations, based on isomorphic and homomorphic mappings, re-
spectively, reducible and irreducible representations, and the fact that
we may confine ourselves to unitary representations of groups. In the
next chapter we will focus on irreducible representations, both faithful
and unfaithful, since these cannot be decomposed into representations
of lower dimension and are, therefore, “intrinsic” to a symmetry group,
since all reducible representations will be shown to be composed of
direct sums of irreducible representations. Irreducible representations
occupy a special place in group theory because they can be classified for
a given symmetry group solely according to their traces and dimension.
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Chapter 4

Properties of Irreducible
Representations

Algebra is generous; she often gives more than is asked of her.
—Jean d’Alembert

We have seen in the preceding chapter that a reducible representa-
tion can, through a similarity transformation, be brought into block-
diagonal form wherein each block is an irreducible representation. Thus,
irreducible representations are the basic components from which all
representations can be constructed. But the identification of whether a
representation is reducible or irreducible is a time-consuming task if it
relies solely on methods of linear algebra.! In this chapter, we lay the
foundation for a more systematic approach to this question by deriving
the fundamental theorem of representation theory, called the Great Or-
thogonality Theorem. The utility of this theorem, and its central role
in the applications of group theory to physical problems, stem from the
fact that it leads to simple criteria for determining irreducibility and
provides a direct way of identifying the number of inequivalent repre-
sentations for a given group. This theorem is based on two lemmas of
Schur, which are the subjects of the first two sections of this chapter.

K. Hoffman and R. Kunze, Linear Algebra 2nd edn (Prentice-Hall, Englewood
Cliffs, New Jersey, 1971), Ch. 6,7.
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4.1 Schur’s First Lemma

Schur’s two lemmas are concerned with the properties of matrices that
commute with all of the matrices of a irreducible representations. The
first lemma addresses the properties of matrices which commute with
a given irreducible representation:

Theorem 4.1 (Schur's First Lemma) . A non-zero matrix which com-
mutes with all of the matrices of an irreducible representation is a
constant multiple of the unit matrix.

Proof. Let {Ay, Ay, ..., Ajg} be the matrices of a d-dimensional
irreducible representation of a group G, i.e., the A, are d x d matrices
which cannot all be brought into block-diagonal form by the same sim-
ilarity transformation. According to Theorem 3.2, we can take these
matrices to be unitary without any loss of generality. Suppose there is
a matrix M that commutes with all of the A,:

MA, =AM (4.1)
for « = 1,2,...,|G|. By taking the adjoint of each of these equations,
we obtain

AT MY = MTAT (4.2)

Since the A, are unitary, Al = A so multiplying (4.2) from the left
and right by A, yields

MTA, = A M1, (4.3)

which demonstrates that, if M commutes with every matrix of a repre-
sentation, then so does M. Therefore, given the commutation relations
in (4.1) and (4.3) any linear combination of M and M also commute
with these matrices:

(aM +bMNA, = Ay(aM +bMT),

where a and b are any complex constants. In particular, the linear
combinations

H =M+M',  Hy=i(M— M
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yield Hermitian matrices: H; = HJ for i = 1,2. We will now show
that a Hermitian matrix which commutes with all the matrices of an
irreducible representation is a constant multiple of the unit matrix. It
then follows that M is also such a matrix, since

M = L(H, — iHy) (4.4)

1
2

The commutation between a general Hermitian matrix H and the
A, is expressed as

HA, = A H . (4.5)

Since H is Hermitian, there is a unitary matrix U which transforms H
into a diagonal matrix D (Theorem 3.1):

D=U"'HU.
We now perform the same similarity transformation on (4.5):
U'HAU = U 'HUU ' AU
= U'AHU = U A UUTHU

By defining A, = U~'A,U, the transformed commutation relation (4.5)
reads

DA, = A.D. (4.6)

Using the fact that D is a diagonal matrix, i.e., that its matrix elements
are D;; = D;;0,;, where ¢;; is the Kronecker delta, the (m,n)th matrix
element of the left-hand side of this equation is

(szla)mn = ZDmk(Aa)kn = ZDmm(smk(Aa)kn = Dmm(Aa)mn
k k

Similarly, the corresponding matrix element on the right-hand side is

(AaD)mn = Z(Aa)mkan = Z(Aa)manndkn = (Aa)mnDnn .
k k
Thus, after a simple rearrangement, the (m,n)th matrix element of
(4.6) is

(Aa)mn(Dmm —Dp,)=0. (4.7)
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There are three cases that we must consider to understand the impli-
cations of this equation.

Case 1. Suppose that all of the diagonal elements of D are dis-
tinct: Dy 7# Dy if m # n. Then, (4.7) implies that

(Aa)mn =0, m#n,

i.e., the off-diagonal elements of A, must vanish, these are diagonal ma-
trices and, therefore, according to the discussion in Section 3.3, they
form a reducible representation composed of d one-dimensional rep-
resentations. Since the A; are obtained from the A; by a similarity
transformation, the A; themselves form a reducible representation.

Case II. If all of the diagonal elements of D are equal, i.e. D,,,, =
D,,, for all m and n, then D is proportional to the unit matrix. The
(Aa)mn are not required to vanish for any m and n. Thus, only this
case is consistent with the requirement that the A, form an irreducible
representation. If D is proportional to the unit matrix, then so is

H =UDU™! and, according to (4.4), the matrix M is as well.

Case III. Suppose that the first p diagonal entries of D are equal,
but the remaining entries are distinct from these and from each other:

Dyy = Dy = -+ = D,p, Dyy # Dy, otherwise. The (fla)mn must
vanish for any pair of unequal diagonal entries. These correspond to
the cases where both m and n lie in the range 1,2,...,p and where m

and n are equal and both greater than p, so all the A; all have the

following general form:
Ai = (Bl " ) )
0 By

where By is a p X p matrix and By is a (p—d) x (p —d) diagonal matrix.
Thus, the A; are block diagonal matrices and are, therefore, reducible.

We have shown that if a matrix that not a multiple of the unit
matrix commutes with all of the matrices of a representation, then
that representation is necessarily reducible (Cases I and III). Thus, if
a non-zero matrix commutes with all of the matrices of an irreducible
representation (Case III), that matrix must be a multiple of the unit
matrix. This proves Schur’s lemma. |l
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4.2 Schur’s Second Lemma

Schur’s first lemma is concerned with the commutation of a matrix with
a given irreducible representation. The second lemma generalizes this
to the case of commutation with two distinct irreducible representations
which may have different dimensionalities. Its statement is as follows:

Theorem 4.2 (Schur's Second Lemma).  Let {Ay, Ay, ..., A} and
{A}, Ay, ... Ajg } be two irreducible representations of a group G of
dimensionalities d and d’, respectively. If there is a matrix M such that

MA, = AL M

for a =1,2,...,|G|, then if d = d', either M = 0 or the two represen-
tations differ by a similarity transformation. If d # d’, then M = 0.

Proof. Given the commutation relation between M and the two
irreducible representations,

MA, =AM, (4.8)
we begin by taking the adjoint:
AT MY = MTAT. (4.9)

Since, according to Theorem 3.2, the A, may be assumed to be unitary,
Al = At so (4.9) becomes

AJYMT = MTATY (4.10)
By multiplying this equation from the left by M,
MA*MT = MMTATY
and utilizing the commutation relation (4.8) to write
MA' =AM,
we obtain

ATIMMT = MMTATY
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Thus, the d’ x d’ matrix MM' commutes with all the matrices of an
irreducible representation. According to Schur’s First Lemma, MM
must therefore be a constant multiple of the unit matrix,

MM'" =cI, (4.11)
where ¢ is a constant. We now consider individual cases.

Case I. d = d'. If ¢ # 0, Eq. (4.11) implies that?

Mt = gt
c
Thus, we can rearrange (4.8) as
Ay =M1A M,

so our two representations are related by a similarity transformation
and are, therefore, equivalent.

If c =0, then MMT = 0. The (4, j)th matrix element of this product
is

(MMM, ZM kg = My M =0.
k

By setting ¢ = j, we obtain

STM M =3 | My ? =

k k
which implies that M;; = 0 for all ¢ and k, i.e., that M is the zero
matrix. This completes the first part of the proof.

Case II. d # d'. We take d < d’. Then M is a rectangular matrix
with d columns and d’ rows:

Mll Mld

M21 M2d
M=

Md’l Md’d

2By multiplying (4.10) from the right by M and following analogous steps as
above, one can show that MTM = cI, so that the matrix ¢~ * M1 is both the left
and right inverse of M.
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We can make a d’ x d’ matrix N from M by adding d’ — d columns of
ZEros:

My --- Myg 0 --- 0
My - My 0 --- 0

N = = (M,0)
Mdll Md’d O --- 0

Taking the adjoint of this matrix yields

Mll Mikl M;ikq
Miy, My - Mg,
T : : : At
NU=1 My, M, --- Mg, :<0>'
0 0 0
0 0 0

Note that this construction maintains the product M MT:
Mt
NN = (M,O)( 0 ) = MM =cI.
The determinant of N is clearly zero. Thus,

det(NN1) = det(N)det(N) = ¢ =0

so ¢ = 0, which means that MM' = 0. Proceeding as in Case I, we
conclude that this implies M = 0. This completes the second part of
the proof. 1

4.3 The Great Orthogonality Theorem

Schur’s lemmas provide restrictions on the form of matrices which com-
mute with all of the matrices of irreducible representations. But the
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group property enables the construction of many matrices which sat-
isfy the relations in Schur’s First and Second Lemmas. The interplay
between these two facts provides the basis for proving the Great Or-
thogonality Theorem. The statement of this theorem is as follows:

Theorem 4.3 (Great Orthogonality Theorem).  Let {A;, A3, ..., A}
and {A], AL, ... ,A"G|} be two inequivalent irreducible representations
of a group G with elements {g1, g, ..., 9|/} and which have dimen-
sionalities d and d’, respectively. The matrices A, and A/ in the two
representations correspond to the element g, in G. Then

3 (Aa)iy( ALy = 0

for all matrix elements. For the elements of a single unitary irreducible
representation, we have

) a
D (An)j(Ad)iy = %5@@"53‘,]" 7

«

where d is the dimension of the representation.

Proof. Consider the matrix

M= A XA, (4.12)
e
where X is an arbitrary matrix with d’ rows and d columns, so that M
is a d’ x d’ matrix. We will show that for any matrix X, M satisfies a
commutation relation of the type discussed in Schur’s Lemmas.

We now multiply M from the left by the matrix Aj corresponding
to some matrix in the the “primed” representation:

AGM =Y ARALX AL
=Y ARALXATAGT Ay

=Y ARALX(AgAq) " Ag. (4.13)
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Since the A, and A] form representations of G, the products A,Ag
and A}, A} yield matrices A, and A/, respectively, both corresponding
to the same element in G because representations preserve the group
composition rule. Hence, by the Rearrangement Theorem (Theorem
2.1), we can write the summation over « on the right-hand side of this

equation as

Y AGALX(AgAy) T =) ALXAT =M.
a v

Substituting this result into (4.13) yields
ALM = MAg. (4.14)

Depending on the nature of the two representations, this is precisely the
situation addressed by Schur’s First and Second Lemmas. We consider
the cases of equivalent and inequivalent representations separately.

Case I. d # d' or, if d = d', the representations are inequivalent (i.e.,
not related by a similarity transformation). Schur’s Second Lemma
then implies that M must be the zero matrix, i.e., that each matrix
element of M is zero. From the definition (4.12), we see that this
requires

My =Y > (AL)y X5 (A1) = 0. (4.15)
T

By writing this sum as (note that because all sums are finite, their
order can be changed at will)

Z;ij/ {Z(Aa)gj(Ac_yl)j’i’ =0, (4.16)

we see that, since X is arbitrary, each of its entries may be varied
arbitrarily and independently without affecting the vanishing of the
sum. The only way to ensure this is to require that the coefficients of
the X; vanish:

Z(Agz)ij(A;l)j’i’ =0.

[0}
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For unitary representations, (A;");u = (Aq)j;, so this equation re-
duces to

> (A40)i(Aa)iy =0,

(e

which proves the first part of the theorem.

Case II. d = d' and the representations are equivalent. According
to Schur’s First Lemma, M = cl, so,

o => AXA". (4.17)

Taking the trace of both sides of this equation,

tr(el) = tr <Z AaXAal) = Y (Al X AT = T tr(X)

——
|G tr(X)
yields an expression for c:
c= % tr(X).

Substituting this into Eq. (4.17) and expressing the resulting equation
in terms of matrix elements, yields

B G
Z X {Z(Aa)ij(flal)jw} = %%" > X5,
Ji’ o J

or, after a simple rearrangement,

_ G
ZXJ]/ lZ(Aa)Z](Aal)jll/ — %@J/(Sj’j/] =0.
Ji’ a

This equation must remain valid under any independent variation of
the matrix elements of X. Thus, we must require that the coefficient
of Xj;; vanishes identically:

B G
D (A (AL = %5” 33’

07
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Since the representation is unitary, this is equivalent to

. G
D (An)ij(Aa)iy = %5@2"@'4’ :

(67

This proves the second part of the theorem. 1l

4.4 Some Immediate Consequences of the
Great Orthogonality Theorem

The Great Orthogonality Theorem establishes a relation between ma-
trix elements of the irreducible representations of a group. Suppose we
denote the ath matrix in the kth irreducible representation by A* and
the (7, j)th element of this matrix by (A¥);;. We can then combine the
two statements of the Great Orthogonality Theorem as

e
S (AR) (ALY, = %&,y@,y%m (4.18)

This expression helps us to understand the motivation for the name
“Orthogonality Theorem” by inviting us to consider the matrix ele-
ments of irreducible representations as entries in |G|-component vec-
tors, i.e., vectors in a space of dimensionality |G|:

VE = [(AD)i, (4D, (Al

According to the statement of the Great Orthogonality Theorem, two
such vectors are orthogonal if they differ in any one of the indices 7, j,
or k, since (4.18) requires that

v ok |G
Vi Vi = 000050k

But, in a |G|-dimensional space there are at most |G| mutually or-
thogonal vectors. To see the consequences of this, suppose we have
irreducible representations of dimensionalities dy, ds, ..., where the dj,
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are positive integers. For the k representations, there are dj choices
for each of i and j, i.e., there are di matrix elements in each matrix
of the representation. Summing over all irreducible representations, we
obtain the inequality

Y& < (4.19)
k

Thus, the order of the group acts as an upper bound both for the
number and the dimensionalities of the irreducible representations. In
particular, a finite group can have only a finite number of irreducible
representations. We will see later that the equality in (4.19) always
holds.

Example 4.1. For the group S, we have that |G| = 6 and we have
already identified two one-dimensional irreducible representations and
one two-dimensional irreducible representation (Example 3.2). Thus,
using (4.19), we have

ddi=1"+1"+2"=6
k

so the Great Orthogonality Theorem tells us that there are no addi-
tional distinct irreducible representations.

For the two element group, we have found two one-dimensional rep-
resentations, {1,1} and {1, —1} (Example 3.3). According to the in-
equality in (4.19),

Ydi=1+1=2
k

so these are the only two irreducible representations of this group.

4.5 Summary

The central result of this chapter is the statement and proof of the
Great Orthogonality Theorem. Essentially all of the applications in
the next several chapters are consequences of this theorem. The impor-
tant advance provided this theorem is that it provides an orthogonality
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relation between the entries of the matrices of the irreducible repre-
sentations of a group. While this can be used to test whether a given
representation is reducible or irreducible (Problem Set 6), its main role
will be in a somewhat “reduced” form, such as that used in Sec. 4.4 to
place bounds on the number of irreducible representations of a finite
group. One of the most important aspects of the Great Orthogonality
Theorem for applications to physical problems is in the construction
of “character tables,” i.e., tables of traces of matrices of an irreducible
representation. This is taken up in the next chapter.
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Chapter 8

Irreducible Representations

of SO(2) and SO(3)

The shortest path between two truths in the real domain passes through
the complex domain.
—Jacques Hadamard?

Some of the most useful aspects of group theory for applications to
physical problems stem from the orthogonality relations of characters
of irreducible representations. The widespread impact of these relations
stems from their role in constructing and resolving new representations
from direct products of irreducible representations. Direct products are
especially important in applications involving continuous groups, with
the construction of higher dimensional irreducible representations, the
derivation of angular momentum coupling rules, and the characteriza-
tion of families of elementary particles all relying on the formation and
decomposition of direct products.

Although the notion of an irreducible representation can be carried
over directly from our development of discrete groups through Schur’s
first lemma, a transcription of Schur’s second lemma and the Great
Orthogonality Theorem to the language of continuous groups requires
a separate discussion. This is because proving the latter two theorems

LQuoted in The Mathematical Intelligencer 13(1), 1991.
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necessitates performing summations over group elements and invoking
the Rearrangement Theorem (Theorem 2.1). This theorem guarantees
the following equality

Y o) = fld9), (8.1)

where the summation is over elements ¢ in a group G, ¢’ is any other el-
ement in G, and f is some function of the group elements. The crucial
point is that the same quantities appear on both sides of the equa-
tion; the only difference is the order of their appearance. To proceed
with the proofs of these theorems for continuous groups requires an
equality analogous to (8.1):

/ F(R)dR = / F(R'R)dR, (8.2)

where R and R’ are the elements of a continuous group and f is some
function of these elements. To appreciate the issues involved, we write
the integral on the left-hand side of (8.2) as an integral over the pa-
rameters

[ fmyar= [ f(R)g(R)da. (83)

where g(R) is the density of group elements in parameter space in the
neighborhood of R. The equality in (8.2) will hold provided that the
density of group elements is arranged so that the density of the points
R'R is the same as that of the points R. Our task is to find the form of
g(R) which ensures this. A related concept that will arise is the notion
of the “order” of the continuous group as the volume of its elements in
the space defined by the parameters of the group.

This chapter is devoted to the characters and irreducible represen-
tations of SO(2) and SO(3). For SO(2), we will show that the density of
group elements is uniform across parameter space, so the density func-
tion reduces to a constant. But, for SO(3), we will need to carry out
the determination of the density function in (8.3) explicitly. This will
illustrate the general procedure which is applicable to any group. For
both SO(2) and SO(3), we will derive the basis functions for their irre-
ducible representations which will be used to obtain the corresponding
characters and to demonstrate their orthogonality
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8.1 Orthogonality of Characters for SO(2)

The structure of SO(2) is simple enough that many of the results ob-
tained for discrete groups can be taken over directly with little or no
modification. The basis of this claim is that the Rearrangement Theo-
rem for this group is, apart from the replacement of the sum by an in-
tegral, a direct transcription of that for discrete groups which, together
with this group being Abelian, renders the calculation of characters a
straightforward exercise.

8.1.1 The Rearrangement Theorem

We first show that the rearrangement theorem for this group is

/0 " R(¢")R(p)dp = /0 " R(p)de.

This implies that the weight function appearing in (8.3) is unity, i.e.,
the density of group elements is uniform in the space of the parameter
v. Using the fact that R(¢')R(¢) = R(¢' + ), we have

27

[ ReORG do= [T R + o) dp.

We now introduce a new integration variable § = ¢’ + ¢. Since ¢’ is
fixed, we have that dp = df. Then, making the appropriate changes
in the upper and lower limits of integration, and using the fact that
R(p +2m) = R(yp), yields

2 , o' +2m
/0 Ry +¢)dyp = / R(6) 44

/

v
2 o' +2m
— [T Ry a0 + R(6)d6
@’ 2
2 !

which verifies our assertion.
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8.1.2 Characters of Irreducible Representations

We can now use Schur’s first lemma for SO(2). Since SO(2) is an
Abelian group, this first lemma requires all of the irreducible represen-
tations to be one-dimensional (cf. Problem 4, Problem Set 5). Thus,
every element is in a class by itself and the characters must satisfy the
same multiplication rules as the elements of the group:

x(@)x(¢) = x(p +¢). (8.4)

The character corresponding to the unit element, x(0), which must
map onto the identity for ordinary multiplication, is clearly unity for
all irreducible representations:

x(0) =1. (8.5)

Finally, we require the irreducible representations to be single-valued,
i.e., an increase in the rotation angle by 27 does not change the effect
of the rotation. Thus,

X(p +2m) = x(p) . (8.6)

The three conditions in (8.4), (8.5), and (8.6) are sufficient to determine
the characters of all of the irreducible representations of SO(2).

We will proceed by writing Eq. (8.4) as a differential equation and
using (8.5) as an “initial condition” and (8.6) as a “boundary condi-
tion.” In (8.4), we set ¢’ = dp,

X(@)x(de) = x(¢ + dp),
and expand both sides of this equation to first order in de:

() [xm) -

_ dx
ds@] = (SOHd@d“O'

Then, using (8.5) and cancelling common terms, this equation reduces
to a first-order ordinary differential equation for y(¢):

K x(@)
dQO_XOXQD’
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where x; = Xx/(0) is to be determined. The general solution to this
equation is

X(p) = AeXo?,

where A is a constant of integration which is also to be determined.
In fact, by setting ¢ = 0 and invoking (8.5), we see that A = 1. The
requirement (8.6) of single-valuedness, when applied to this solution,
yields the condition that

! !
eXo(Pt2m) _ oXop :

or,

/
e?™o =1,

The most general solution of this equation is x{, = im, where i = —1
and m is any integer. This produces an infinite sequence of characters
of the irreducible representations of SO(2):

Y (p) = ™, m=...,—2,—-1,0,1,2,... (8.7)

The identical representation corresponds to m = 0. In contrast to the
case of finite groups, we see that SO(2) has an infinite set of irreducible
representations, albeit one that is countably infinite.

8.1.3 Orthogonality Relations

Having determined the characters for SO(2), we can now examine the
validity of the orthogonality theorems for characters which were dis-
cussed for discrete groups in Theorem 5.1. We proceed heuristically
and begin by observing that the exponential functions in (8.7) are or-
thogonal over the interval 0 < ¢ < 2

2r . ,
/ et(m'=m)e dp = 27T5m,m’ ]
0

By writing this relation as

2w

A (X () o = 2 (8:5)
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we obtain an orthogonality relation of the form in Eq. (5.4), once we
identify the “order” of SO(2) as the quantity

2

dp =27m.

This is the “volume” of the group in the space of the parameter ¢,
which lies in the range 0 < ¢ < 27, given that the density function is
unity, according to the discussion in thew preceding section. Note that
the integration over ¢ is effectively a sum over classes.

Example 8.1. Consider the representation of SO(2) derived in Section

7.2:
cosp —singp
ro) = ). (59)
sin @ Cos

Since SO(2) is an Abelian group, this representation must be reducible.
We can decompose this representation into its irreducible components
by using either the analogue of the Decomposition Theorem (Section
5.3) for continuous groups or, more directly, by using identities between
complex exponential and trigonometric functions:

x(p) = tr{R(p)]
= 2cosp
— e fe?,
A comparison with (8.7) yields
x() = xP () + X 7V(e),

so the representation in (8.9) is a direct sum of the irreducible repre-
sentations corresponding to m =1 and m = —1.2 1

2This example illustrates the importance of the field used in the entries of the
matrices for SO(2). If we are restricted to real entries, then the representation in
(8.9) is drreducible. But, if the entries are complez, then this example shows that
this representation is reducible.
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8.2 Basis Functions for Irreducible Rep-
resentations

We were able to determine the characters for all of the irreducible rep-
resentations of SO(2) without any knowledge of the representations
themselves. But this is not the typical case for continuous groups. We
will see, for example, when determining the characters for SO(3) that
we will be required to construct explicit representations of rotations
corresponding to different classes. The action of these rotations on the
basis functions will determine the representation of that class and the
character will be calculated directly from this representation. As an
introduction to that discussion, in this section we will determine the
basis functions of the irreducible representations of SO(2).

We begin by calculating the eigenvalues of the matrix in (8.9) from
det(R— \I) =0:

cosp—A  —singp
= (cosp — \)? +sin® ¢
sin cosp — A

= A —2\cosp+1=0.
Solving for A yields
A\ =cosp £isinp =¥, (8.10)

The corresponding eigenvectors are proportional to x + ¢y. Thus, op-
erating on these eigenvectors with R(y) (see below) generates the irre-
ducible representations corresponding to m = 1 and m = —1 in (8.7),
i.e., the characters (") (p) and x(~9(y).

Obtaining the basis functions for the other irreducible representa-
tions of SO(2) is now a matter of taking appropriate direct products,
since

X(m)((p)x(m’)(gp) _ X(m+m’)((p) )

In particular, the m-fold products (x +iy)™ generate irreducible repre-
sentations for the m-fold direct product, as discussed in Sec. 6.5. This
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can be verified directly from the transformation (8.9) applied to z and
y:

2 = xcosp—ysinyp,

Yy = xsinp +ycosp.
Then,

(o iy )™ = |z cosp — ysmgp:l:z(xsmgo—i—ycosgo)]

= |
— [a(cos o+ isin ) + iy(cos o £ isin )|
- fte o]

= (& % iy)" =

Therefore, we can now complete the character table for SO(2), including
the basis functions which generate the irreducible representations:

SO(2) E R(p)
r+m: (z£iy)™ | 1 eFime

We note for future reference that the basis functions (z +iy)™ could
have been derived in a completely different manner. Consider Laplace’s
equation in two dimensions:

0?u N Pu

ox? = Oy?
This equation is invariant under all the elements of SO(2), as can be
easily verified. The general solution to this equation is

u(z,y) = F(z +iy) + Gz — iy),

where F' and G are arbitrary functions. Thus, if we are interested
in solutions which are homogeneous polynomials of degree m, we can
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choose in turn solutions with F(s) = s™ and G(s) = 0 and then with
F(s) =0 and G(s) = s™. We thereby obtain the expressions

u(z,y) = (v £iy)™ (8.11)

as solutions of Laplace’s equations which are also the basis functions of
the irreducible representations of SO(2). These functions are the ana-
logues in two dimensions of spherical harmonics, which are the solutions
of Laplace’s equations in three dimensions. These will be discussed later
in this chapter.

8.3 Axis—Angle Representation of Proper
Rotations in Three Dimensions

The three most common parametrizations of proper rotations were dis-
cussed in Section 7.4. For the purposes of obtaining the orthogonal-
ity relations for the characters of SO(3), the representation in terms
of a fixed axis about which a rotation is carried out—the axis—angle
representation—is the most convenient. We begin this section by show-
ing how this representation emerges naturally from the basic properties
of orthogonal matrices.

8.3.1 Eigenvalues of Orthogonal Matrices

Let A be any proper rotation matrix in three dimensions. Denoting the
eigenvalues of A by A1, A9, and A3, and the corresponding eigenvalues
by w, us, and w3, we then have

Au; = \u;
for 1 = 1,2,3. We can also form the adjoint of each equation:
ul A' = Nl
These eigenvalue equations imply

wlu; = wl A Au; = [N ulu,

i
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which shows that [A?| = 1, i.e., that the modulus of every eigenvalue
of an orthogonal matrix is unity [cf. (8.10)]. The most general form
of such a quantity is a complex number of the form e for some angle
. But these eigenvalues are also the roots of the characteristic equa-
tion det(A — AI) = 0 so, according to the Fundamental Theorem of
Algebra,? if they are complex, they must occur in complex conjugate
pairs (because the coefficients of this polynomial, which are obtained
from the entries of A, are real). Hence, the most general form of the
eigenvalues of an orthogonal matrix in three dimensions is

A =1, Ay = €', Ay =e ¥, (8.12)

The eigenvector corresponding to Ay = 1, which is unaffected by the
action of A, thereby defines the axis about which the rotation is taken.
The quantity ¢ appearing in Ay and A3 defines the angle of rotation
about this axis.

8.3.2 The Axis and Angle of an Orthogonal Matrix

In this section, we show how the axis and angle of an orthogonal matrix
can be determined from its matrix elements. We take the axis of the
rotation to be a unit vector n, which is the eigenvector corresponding
to the eigenvalue of unity:

An=n. (8.13)

This equation and the orthogonality of A (AA* = A'A = 1) enables us
to write

A'n=A'An=n. (8.14)
Subtracting (8.14) from (8.13) yields

(A—An =0.

3K. Hoffman and R. Kunze, Linear Algebra 2nd edn (Prentice-Hall, Englewood
Cliffs, NJ, 1971), p. 138.



Irreducible Representations of SO(2) and SO(3) 135

In terms of the matrix elements a;; of A and the components n; of n,
we then have

(a12 — ag1)ne + (a13 —as;)ng =0,
(a1 — a12)ny + (ags — ase)ng =0,
(a31 — a13)ny + (asg — asg)ng = 0.

Notice that these equations involve only the off-diagonal elements of A.
The solution of these equations yield the relations

N2 a3 — d13 ng G2 — a2 (8.15)

) Y
ny Q23 — A32 ny Q23 — A32
which, when combined with the normalization condition
nn=ni+n;+n;=1

determines n uniquely.

The angle of the rotation can be determined from the invariance of
the trace of A under similarity transformations. Noting that the trace
is the sum of the eigenvalues, and using (8.12), we have

a1 4+ g +asg=1+e¥+e ¥ =14 2cosp, (8.16)

so  is determined only by the diagonal elements of A.

8.3.3 Normal Form of an Orthogonal Matrix

We conclude this section by deriving the form of a rotation matrix in an
orthogonal coordinate system which naturally manifests the axis and
angle. The diagonal form of a rotation matrix is clearly given by

1 0 0
A=10 e¥ 0
0 0 e

The eigenvector n corresponding to A\; = 1 is the axis of the rotation
and can always be chosen to be real. However, the eigenvectors of Ay =
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e and A3 = e~ are inherently complex quantities. An orthonormal
set can be chosen as

ny = %\/5(07 172.)7 ng = %\/§<07 17 _Z) )

respectively. Since we are interested in transformations of real coor-
dinates, we must perform a unitary transformation from this complex
basis to a real orthogonal basis, in which case our rotation matrix A will
no longer be diagonal. The required unitary matrix which accomplishes
this is
1 0 0
U=10 iv2 iiv2
0 V2 —-iiv2
Thus,
1 0 0
R=UTAU=|0 cosp —sing |. (8.17)
0 sinep cos
When expressed in this basis, the rotation matrix clearly displays the
axis of rotation through the entry R;; = 1, and the angle of rotation

through a 2x2 rotational submatrix in a plane perpendicular to this
axis.

8.3.4 Parameter Space for SO(3)

The axis-angle representation of three-dimensional rotations provides
a convenient parametrization of all elements of SO(3). We have seen
that every element of SO(3) can be represented by a unit vector corre-
sponding to the rotation axis and a scalar corresponding to the rotation
angle. Thus, consider the space defined by the three quantities

(n1907n290»n3<ﬂ) 5 (818)

where n? + n3 + n3 = 1. Every direction is represented by a point on
the unit sphere. Thus, defining an azimuthal angle ¢ and a polar angle
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Figure 8.1: Two-dimensional representation of the parameter space of SO(3)
as the interior of a sphere of radius w. The point A represents a rotation
whose axis is along the direction OA and whose angle is the length of OA.
The points at A, B and C correspond to rotations with the same angle but
about axis along different directions. This defines the classes of SO(3). The
diametrically opposite points at D and E correspond to the same operation.

0 according to the usual conventions in spherical polar coordinates, the
parameter space of SO(3) can be represented as

(pcos@sinb, psin¢sinb, g cosb), (8.19)
where
0<p<m, 0< o< 2m, 0<o<m.

We can now see directly that this parameter space corresponds to the
interior of a sphere of radius 7 (Fig. 8.1). For every point within the
sphere, there is a unique assignment to an element of SO(3): the direc-
tion from the radius to the point corresponds to the direction of the
rotation axis and the distance from the point to the origin represents
the rotation angle. Two diametrically opposed points on the surface of
the sphere (¢ = 7) correspond to the same rotation, since a rotation
by 7 about m is the same as a rotation by —n about this axis which,
in turn, is the same as a rotation by m about —n (whatever the sense
of rotation).
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Another useful feature of the axis-angle parametrization is the rep-
resentation of classes of SO(3). Consider two elements of SO(3) which
have the same angle of rotation ¢ but about different axes n and n/. We
denote these operations by R(n, ) and R(n/,¢). Let U(n,n’) denote
the rotation of m into n’. The inverse of this operation then rotates n’
into n. The relationship between R(n,¢), R(n/, ), and U(n,n') is,
therefore,

R(n, ) = {U(n,n’)}_lR(n’, o) U(n,n’'),

ie., R(n,p) and R(n/,p) are related by a similarity transformation
and, therefore, belong to the same equivalence class. Referring to
Fig. 8.1, equivalence classes of SO(3) correspond to operations which
lie on the same radius. Thus, a summation over the classes of SO(3)
18 equivalent to a sum over spherical shells.

8.4 Orthogonality Relations for SO(3)

The axis-angle representation of rotations provides, in addition to a
conceptual simplicity of elements of SO(3) in parameter space, a natural
framework within which to discuss the integration over the elements
of SO(3) and thereby to obtain the Rearrangement Theorem for this
group. In this section, we derive the density function ¢ in (8.3) for
this group and then use this to identify the appropriate form of the
orthogonality relations for characters

8.4.1 The Density Function

As discussed in the introduction, one of the basic quantities of interest
for continuous groups is the density of group elements as a function
of position in parameter space. To determine this function for SO(3),
we first consider the elements in the neighborhood of the identity and
then examine the behavior of these points under an arbitrary element
of SO(3). Referring to the discussion in Section 7.4.2, these elements
correspond to rotations by infinitesimal angles 1, @9, and @3 about
each of the three coordinate axes. The rotation matrix associated with
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this transformation is

I —p3 2
OR = ¥3 1 —¥1

—p2 1 1

The identity of SO(3) corresponds to the origin in the three-dimensional
parameter space, ;1 = @y = @3 = 0, and is indicated by the point
O in Fig. 8.1. For infinitesimal rotation angles, the parameter space
spanned by dR is associated with an infinitesimal volume element in
the neighborhood of the origin.

We now follow the infinitesimal transformation d R by a finite trans-
formation R(n, ), i.e., we form the product ROR. This generates a
volume element in the neighborhood of R and the product RJR can be
viewed as transformation of the volume near the origin to that near R.
The Jacobian of this transformation is the relative change of volume
near the origin to that near R or, equivalently, is the relative change
of the density of operations near the origin to that near R. According
to the discussion in the introduction, this is the information required
from the density function for SO(3).

We have already seen that equivalence classes of SO(3) are com-
prised of all rotations with the same rotation angle, regardless of the
direction of the rotation axis. Thus, the density function is expected
to depend only on ¢. Referring to Fig. 8.1, this means that the density
of elements depends only on the “radial” distance from the origin, not
on the direction, so we can choose R in accordance with this at our
convenience. Therefore, in constructing the matrix RJOR, we will use
for R a matrix of the form in (8.17). Thus,

1 0 0 I —ps ¢
ROR=|0 cosep —singp V3 1 —¢
0 sin ¢ COS ¢ —Y2 P 1
1 —p3 P2

= | p3cos@ + Yasinp cosp —@iSinp —@iCcose — sin @
38N — Py CoSY SN — Y1 CcosEY —pysine + cos e
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We can now use (8.15) and (8.16) to determine the axis n/ and angle
¢’ of this product. The angle is determined from
1+2cosp =1+ 2cosp —2p;sinp,
which, upon cancelling common factors, becomes
cos ' = cosp — prsing.

Using the standard trigonometric formula for the cosine of a sum, we
find, to first order in ¢y, that

o' =p+or.
The unnormalized components of n’ are determined from (8.15) to be

n, = —2p1cosp —2siny,
ny = @gsing — (1 +cos ),

ng = —asinp — @3(1 4+ cosy) .

To normalize the axis, we first determine the length based on these
components. To first order in the ¢;, we find

In'| = 2p1 cosp + 2sinp.

Thus, the components of the normalized rotation axis of ROR are

ny =1,
, 1 1 1+cosy
Ny = —5p3 + §¢2W
1+ cosp
ny = 302+ %sosw.

Expressed in terms of the parametrization in (8.18), ROR is given by

(¢’ e’ nye') =

1 I+cosp) , 1+cosep
e 3p| —pstpr———— ), 59\ P2FP3——— | /-
sin ¢ sin ¢
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This defines the transformation from the neighborhood of the origin to

the neighborhood near RJR. The Jacobian J of this transformation,
obtained from

a(ny’

7 — det |M

dp;

determines how the density of elements of SO(3) near the origin is

transformed to the density of points near R. By taking the derivatives

in (8.20) to obtain the entries (i, 7) in the Jacobian matrix, we obtain

: (8.20)

1 0 0
1+ cosep
7= fogme T |- P
2(1 — cos )
0 1 1+cosp
2% 2sin
Notice that

limJ =1,
»—0

so that the normalization of the volume in parameter space is such

that the volume near the unit element is unity. Hence, the density

of elements in parameter space is the reciprocal of J, so the density
function ¢ in (8.3) is

2

g(p) = ?(1 —Cos ) . (8.21)

8.4.2 Integrals in Parameter Space

The density function in (8.21) now permits us to carry out integral over
the group. Thus, for a function F'(p,(2), where 2 denotes the angular
variables in the parametrization in (8.19), we have

//g(so)F(%Q)wQ dpdQ2,

where we have used the usual volume element for spherical polar coor-
dinates. Using the density function in (8.21), this integral becomes

//2(1 —cosp)F(p, Q)dpdQ2.
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We can now establish the orthogonality relation for characters. If
we denote the characters for two irreducible representations of SO(3)
by x*(¢) and x*(¢), then we have

//2(1 —cos ) X" (p)x"(¢)dedQ =6, //2(1 —cosp)dpdQ.

The integral on the right-hand side of this equation, which has the
value 872, corresponds to the volume of SO(3) in parameter space. The
integral over the angular variables on the left-hand side yields 2 x 4,
so cancelling common factors, we obtain

/0 (1= cos @)X ()X () dp = T, (8.22)

This is the orthogonality relation for characters of SO(3).

8.5 Irreducible Representations and Char-
acters for SO(3)

For SO(2), we were able to determine the characters of the irreducible
representations directly, i.e., without having to determine the basis
functions of these representations. The structure of SO(3), however,
does not allow for such a simple procedure, so we must determine the
basis functions from the outset.

8.5.1 Spherical Harmonics

We proceed as in Section 8.2 by determining the homogeneous polyno-
mial solutions of Laplace’s equation, now in three dimensions:

0’u  0%u 62u_

0.
0x? + Oy? + 022

We seek solutions of the form

u(x, Y, Z) = Z Cab(l’ + iy)a(gj — Z'y)bszafb :
a,b
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which are homogeneous polynomials of degree ¢. In spherical polar
coordinates,

T =7rcos¢sinb, y = rsin¢sinf, z=rcost,

where 0 < ¢ < 27w and 0 < 0 < 7, these polynomial solutions transform
to

u(r,0,0) =3 car’sin®™ 0 cos' P gl (8.23)

a,b

Alternatively, Laplace’s equation in spherical polar coordinates is

ig<r2@> + #g<sm€%> + ;@ =0
r20r\' Or r2sin 6 00 00 r2sin?0 0¢?

When the method of separation of variables is used to find solutions
of this equation of the form u(r, 0, ¢) = R(r)0(0)P(¢), the stipulation
that the solution be single-valued with respect changes in ¢ by 2,

u(r,0,¢+2m) =u(r,0,¢),
requires that
D(p) ox ™,

where m is an integer. Comparing this expression with the correspond-
ing factor in (8.23), we see that a — b = m. Since the ranges of both
a and b are between 0 and ¢, we see that there are 2¢ 4+ 1 values of
m consistent with homogeneous polynomial solutions of degree ¢. The
corresponding values of m are —¢ < m < {. The 2¢ + 1 independent
homogeneous polynomials of degree ¢ are called the spherical harmonics
and denoted by Yy, (0, ¢). Their functional form is

Yom(0, ) o< Py, (6) ™, (8.24)

where P (0) is a Legendre function . In the following discussion, we will
utilize only the exponential factor in the spherical harmonics.
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8.5.2 Characters of Irreducible Representations

The Yy, (0,¢) form a (2¢ + 1)-dimensional representation of SO(3).
Thus, for a general rotation R, we have

L
m/'=—/{

To determine the character of this representation, it is convenient to
again invoke the fact that the classes of SO(3) are determined only by
the rotation angle, not by the direction of the rotation axis. Thus, we
can choose a rotation axis at our convenience and we therefore focus on
rotations through an angle ¢ about the z-axis. In this case, the form
of (8.24) allows us to write

Rz((p)}/ém(ea ¢) = }/Em(ea ¢ - 90) = e_imwnm(ea ¢) .

Thus, the corresponding transformation matrix is given by

e~y 0 o0
0 e~y .. 0

MR.(e)] = | N R )
0 0 .. ety

The character x\Y(p) of this class is obtained by taking the trace of
this matrix:

X(E)(SD) — e*ie‘{’ 4 e*i(ffl)@ 4+t eif%’
— e (1 e et 4t eQW)

1 —e™ (204+1)ip

— ¢ i :
1—ew

e(€+1/2)i<p _ e—(€+1/2)igo

elp/2 _ a—ip/2

sin [(€ + 3)¢]
sin (5¢)
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The orthogonality integral for these characters takes the form

sin [(€ + )¢ sin [(¢' + 1)¢]
sin® (1)

/Ow(l — oS p) de

Using the trigonometric identity
2sin® (3¢) =1 — cosg

enables us to write the orthogonality integral as
| sinl(e+ Delsin[(€'+ D)l dp = S

where the right-hand side of this equation follows either from (8.22) or
from the orthogonality of the sine functions over (0, ).

It is possible to show directly, using Schur’s first lemma, that the
spherical harmonics form a basis for (2¢ + 1)-dimensional irreducible
representations of SO(3). However, this requires invoking properties of
the Legendre functions in (8.24). If we confine ourselves to the matrices
in (8.25) then we can show that a matrix that commutes with all such
rotation matrices must reduce to a diagonal matrix. If we then consider
rotations about any other direction, which requires some knowledge of
the Legendre functions, we can then show that this constant matrix
must, in fact, be a constant multiple of the unit matrix. Hence, accord-
ing to Schur’s first lemma, these representations are irreducible. We can
now construct the character table for SO(3) with the basis functions
which generate the irreducible representations:

SO(3) E R(p)

T Yo (9, ¢)

8.6 Summary

In this chapter, we have shown how the orthogonality relations devel-
oped for finite groups must be adapted for continuous groups, using
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SO(2) and SO(3) as examples. For SO(2), which is a one-parameter
Abelian group, this proved to be a straightforward matter. However,
the corresponding calculations for SO(3) required us to determine ex-
plicitly the density function to produce the appropriate form of the
orthogonality relations. We found that the there are an infinite se-
quence of irreducible representations of dimensionality 2¢ + 1, where
¢ > 0. Because of the connection between SO(3) and angular mo-
mentum, the structure of these irreducible representations has several
physical consequences:

e For systems that possess spherical symmetry, the energy eigen-
states have degeneracies of 2+ 1. The fact that there is a greater
degeneracy for the hydrogen atom is due to a “hidden” SO(4)
symmetry.*

e The formation and decomposition of direct products of the irre-
ducible representations of SO(3) forms the basis of angular mo-
mentum coupling rules (Problem 6, Problem Sets 10) and the
classification of atomic spectra.’

e When atoms are placed within crystals, the original spherical
symmetry is lowered to the symmetry of the crystal. This causes
levels which were degenerate in the spherically-symmetric envi-
ronment to split. Such “crystal-field” effects are important for
many aspects for electrons in crystalline solids.®

4H.F. Jones, Groups, Representations and Physics (Institute of Physics, Bristol,
1998), pp. 124-127.

SE.P. Wigner, Group Theory and its Application to the Quantum Mechanics of
Atomic Spectra (Academic, New York, 1959), pp. 177-194.

6M. Tinkham, Group Theory and Quantum Mechanics (McGraw-Hill, New York,
1964), pp. 65-80.



Chapter 7

Continuous Groups, Lie
Groups, and Lie Algebras

Zeno was concerned with three problems . . . These are the problem of
the infinitesimal, the infinite, and continuity . . .
—Bertrand Russell

The groups we have considered so far have been, in all but a few cases,
discrete and finite. Most of the central theorems for these groups and
their representations have relied on carrying out sums over the group
elements, often in conjunction with the Rearrangement Theorem (The-
orem 2.1). These results provide the basis for the application of groups
and representations to physical problems through the construction and
manipulation of character tables and the associated computations that
require direct sums, direct products, orthogonality and decomposition.

But the notion of symmetry transformations that are based on con-
tinuous quantities also occur naturally in physical applications. For
example, the Hamiltonian of a system with spherical symmetry (e.g.,
atoms and, in particular, the hydrogen atom) is invariant under all
three-dimensional rotations. To address the consequences of this in-
variance within the framework of group theory necessitates confronting
several issues that arise from the continuum of rotation angles. These
include defining what we mean by a “multiplication table,” determin-
ing how summations over group elements are carried out, and deriving

107
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the appropriate re-statement of the Rearrangement Theorem to enable
the Great Orthogonality Theorem and its consequences to be obtained
for continuous groups. More generally, the existence of a continuum
of group elements, when combined with the requirement of analyticity,
introduces new structures associated with constructing differentials and
integrals of group elements. In effect, this represents an amalgamation
of group theory and analysis, so such groups are the natural objects
for describing the symmetry of analytic structures such as differential
equations and those that arise in differential geometry. In fact, the
introduction of analytic groups by Sophus Lie late in the 19th century
was motivated by the search for symmetries of differential equations.

In this chapter we begin our discussion about the modifications to
our development of groups and representations that are necessitated by
having a continuum of elements. We begin in the first section with the
definition of a continuous group and specialize to the most common
type of continuous group, the Lie group. We then introduce the idea
of an infinitesimal generator of a transformation, from which every
element can be obtained by repeated application. These generators
embody much of the structure of the group and, because there are a
finite number of these entities, are simpler to work with than the full
group. This leads naturally to the Lie algebra associated with a Lie
group. All of these concepts are illustrated with the groups of proper
rotations in two and three dimensions. The representation of these
groups, their character tables, and basis functions will be discussed in
the next chapter.

7.1 Continuous Groups

Consider a set of elements R that depend on a number of real continuous
parameters, R(a) = R(ay,as,...,a,). These elements are said to form
a continuous group if they fulfill the requirements of a group (Section
2.1) and if there is some notion of ‘proximity’ or ‘continuity’ imposed
on the elements of the group in the sense that a small change in one
of the factors of a product produces a correspondingly small change in
their product. If the group elements depend on r parameters, this is
called an r-parameter continuous group.
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In general terms, the requirements that a continuous set of elements
form a group are the same as those for discrete elements, namely, clo-
sure under multiplication, associativity, the existence of a unit, and
an inverse for every element. Consider first the multiplication of two
elements R(a) and R(b) to yield the product R(c):

R(c) = R(a)R(b) .
Then ¢ must be a continuous real function f of a and b:
c= f(a,b).

This defines the structure of the group in the same way as the multi-
plication table does for discrete groups. The associativity of the com-
position law,

requires that
fla, f(b,0)] = flf(a,b),c].
The existence of an identity element, which we denote by R(ay),
R(ag)R(a) = R(a)R(ao) = R(a),
is expressed in terms of f as
flao,a) = f(a,a0) = a.
The inverse of each element R(a), denoted by R(a’), produces
R(a")R(a) = R(a)R(a") = R(ay) .
Therefore,
fld',a) = f(a,d’) = aq.

If f is an analytic function, i.e., a function with a convergent Tay-
lor series expansion within the domain defined by the parameters, the
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resulting group is called an r-parameter Lie group , named after Sophus
Lie, a Norwegian mathematician who provided the foundations for such
groups.

Our interest in physical applications centers around transformations
on d-dimensional spaces. Examples include Euclidean spaces, where the
variables are spatial coordinates, Minkowski spaces, where the variables
are space-time coordinates, and spaces associated with internal degrees
of freedom, such as spin or isospin. In all cases, these are mappings of
the space onto itself and have the general form

/ . ‘_
z, = fi(x1,29,...,24;01,09,...,a,), i=1,2,...,d.

If the f; are analytic, then this defines an r-parameter Lie group of
transformations.

Example 7.1 Consider the one-dimensional transformations
' = ax (7.1)

where a is an non-zero real number. This transformation corresponds
to stretching the real line by a factor a. The product of two such
operations, x” = ax’ and 2’ = bx is

2 =ax' = abx.

By writing 2" = cx, we have that
c=ab, (7.2)

so the multiplication of two transformations is described by an analytic
function that yields another transformation of the form in (7.1). This
operation is clearly associative, as well as Abelian, since the product
transformation corresponds to the multiplication of real numbers. This
product can also be used to determine the inverse of these transfor-
mations. By setting ¢ = 1 in (7.2), so that z” = z, the inverse of
(7.1) is seen to correspond to the transformation with @’ = a~!, which
explains the requirement that a # 0. Finally, the identity is deter-
mined from 2/ = x, which clearly corresponds to the transformation
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with @ = 1. Hence, the transformations defined in (7.1) form a one-
parameter Abelian Lie group. Il

Example 7.2 Now consider the one-dimensional transformations
l’/ =a1T + as s (73)

where again a; is an non-zero real number. These transformations cor-
responds to the stretching of the real line by a factor a;, as in the
preceding Example, and a translation by as. The product of two oper-
ations is

" = a7’ + ay = a1 (x + by) + az = a1byxr + ar1by + a .

By writing «” = c¢1x + ¢3, we have that
c1 = apby, c2 = ar1by + ag,

so the multiplication of two transformations is described by an analytic
function and yields another transformation of the form in (7.1). How-
ever, although this multiplication is associative, it is not Abelian, as
can be seen from the fact that the indices do not enter symmetrically
in co. By setting, ¢; = ¢y = 1, the inverse of (7.3) is the transformation
’ X a9
r=——-—.
a m
The identity is again determined from 2’ = =z, which requires that
a; = 1 and ay = 0. Hence, the transformations in (7.3) form a two-
parameter (non-Abelian) Lie group. I

7.2 Linear Transformation Groups

An important class of transformations is the group of linear transfor-
mations in d dimensions. These can be represented by d X d matrices.
For example, the most general such transformation in two dimensions
is ' = Ax or, in matrix form,
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where det(A) = aj1a92 — ajpas; # 0 (Example 2.4). With no further
restriction, and with the composition of two elements given by the usual
rules of matrix multiplication, these matrices form a four-parameter Lie
group. This Lie group is called the generalllineargroup in two dimensions
and is denoted by GL(2,R), where the ‘R’ signifies that the entries
are real; the corresponding group with complex entries is denoted by
GL(2,C). In n dimensions, these transformation groups are denoted by
GL(n,R), or, with complex entries, by GL(n,C).

7.2.1 Orthogonal Groups

Many transformations in physical applications are required to preserve
length in the appropriate space. If that space is ordinary Euclidean
n-dimensional space, the restriction that lengths be preserved means
that

x’12+'r,22+...+x;2:x%—f—l’%—’—---—l—ﬂ?i. (7.5)

The corresponding groups, which are subgroups of the general linear
group, are called orthogonal , and are denoted by O(n).

Consider the orthogonal group in two-dimensions, i.e., O(2), where
the coordinates are x and y. By substituting the general transformation
(7.4) into (7.5), we require that

2?4+ 9? = (anx + ay)® + (a1 + azy)?

= (a2, + a3,)2* + 2(a11a12 + agiags)xy + (a2, + a3y)y? .

For the right-hand side of this equation to be equal to x2 4+ y? for all ©
and y, we must set

2 2 2 2
ayy +ay =1, ajaiz + azaz =0, g + Gy = 1.

Thus, we have three conditions imposed on four parameters, leaving one
free parameter. These conditions can be used to establish the following
relation:

(ap1a9 — arzaz)® = 1.
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Recognizing the quantity in parentheses as the determinant of the trans-
formation, this condition implies that

det(A) = £1.

If det(A) = 1, then the parity of the coordinate system is not changed
by the transformation; this corresponds to a properrotation. If det(A) =
—1, then the parity of the coordinate system is changed by the transfor-
mation; this corresponds to an improper rotation. As we have already
seen, both types of transformations are important in physical applica-
tions, but we will first examine the proper rotations in two-dimensions.
This group is called the special orthogonal group in two dimensions and
is denoted by SO(2), where “special” signifies the restriction to proper
rotations. The parametrization of this group that we will use is

cosp —singp
ro) = ) (7.6)
sin ¢ CoS ¢

where ¢, the single parameter in this Lie group, is the rotation angle of
the transformation. As can easily be checked using the trigonometric
identities for the sum of two angles,

R(p1+ ¢2) = R(p1)R(p2), (7.7)

so this group is clearly Abelian.

7.3 Infinitesimal Generators

A construction of immense utility in the study of Lie groups, which was
introduced and extensively studied by Lie, is the infinitesimal generator
The idea behind this is that instead of having to consider the group as
a whole, for many purposes it is sufficient to consider an infinitesimal
transformation around the identity. Any finite transformation can then
be constructed by the repeated application, or “integration,” of this
infinitesimal transformation.
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7.3.1 Matrix Form of Generators

For SO(2), we first expand R(y) in a Taylor series around the identity
(o= 0):

dR

1d%R
+ — ©w+
de

R(p) = R(0) oo’ T2a2

R (7.8)

»=0

The coefficients in this series can be determined directly from (7.6), but
a more elegant solution may be found by first differentiating (7.7) with
respect to ¢,

d dR(¢1)
— R —
doy (p1 + p2) dgr

then setting ¢; = 0. Using the chain rule, the left-hand side of this
equation is

R(ps) (7.9)

dR(e1 + @) d(pr + wz)] _ dR(ps)
d(pr +¢2)  doy pi=0  dpz
so Eq. (7.9) becomes
%ff) — XR(y), (7.10)
where
dR(¢1)

7.11
depy ( )

(i o)
p1=0 B 1 0
Equations (7.10) and (7.11) allow us to determine all of the expan-

sions coefficients in (7.9). By setting ¢ = 0 in (7.10) and observing
that R(0) = I, where I is the 2 x 2 unit matrix,

(o 1)
1= ,
0 1

=X. (7.12)

we obtain




Continuous Groups, Lie Groups, and Lie Algebras 115

To determine the higher-order derivatives of R, we differentiate (7.10)
n times, and set ¢ = 0:
d"R(p)
dem

n—1
_ "Ry
=0 d(pnfl

=0 .
This yields, in conjunction with (7.12),
d"R(y)
de™

n

»=0

Substituting this expression into the Taylor series in (7.8) allows us to
write

Rlp) =1+ Xp+ 3 X*0* + -

o0 1 "
:nz:,;m(XSO)

e?X

Y

where X° = I and the exponential of a matrix is defined by the Taylor
series expansion of the exponential. Thus, every rotation by a finite
angle can be obtain from the exponentiation of the matrix X, which
is called the infinitesimal generator  of rotations. Since X2 = I, it is a
straightforward matter to show directly from the Taylor series of the
exponential (Problem 4, Problem Set 9) that

CoS @ —singp)

e =Tcosp + Xsing = (
sin ¢ COoS ¢

7.3.2 Operator Form of Generators

An alternative way of representing infinitesimal generators through
which connections with quantum mechanics can be directly made is
in terms of differential operators. To derive the operator associated
with infinitesimal rotations, we expand (7.6) to first order in d¢ to
obtain the transformation

¥ =zcosp—ysing =z —ydp,

y = xsinp+ycosp =xdp+y.
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An arbitrary differentiable function F'(z,y) then transforms as

Retaining terms to first order in dy on the right-hand side of this equa-
tion yields

F(a',y") = F(x,y) + (—y—x+:v—

Since F'is an arbitrary function, we can associate infinitesimal rotations
with the operator

As we will see in the next section, this operator is proportional to the
z-component of the angular momentum operator.

The group SO(2) is simple enough that the full benefits of an in-
finitesimal generator are not readily apparent. We will see in the next
section, where we discuss SO(3), that the infinitesimal generators em-
body much of the structure of the full group.

7.4 SO(3)

The orthogonal group in three dimensions is comprised of the trans-
formations that leave the quantity z? + y? + 2? invariant. The group
GL(3,R) has 9 parameters, but the invariance of the length produces six
independent conditions, leaving three free parameters, so O(3) forms a
three-parameter Lie group. If we restrict ourselves to transformations
with unit determinant, we obtain the group of proper rotations in three
dimensions, SO(3).
There are three common ways to parametrize these rotations:

e Successive rotations about three mutually orthogonal fized axes.

e Successive about the z-axis, about the new y-axis, and then about
the new z-axis. These are called Euler angles .
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e The axis-angle representation, defined in terms of an axis whose
direction is specified by a unit vector (two parameters) and a
rotation about that axis (one parameter).

In this section, we will use the first of these parametrizations to
demonstrate some of the properties of SO(3). In the next chapter,
where we will develop the orthogonality relations for this group, the
axis-angle representation will prove more convenient.

7.4.1 Rotation Matrices

Consider first rotations about the z-axis by an angle ¢3:
cosps —sings 0

Rs(p3) = | sinys oS 3 0
0 0 1

The corresponding infinitesimal generator is calculated as in (7.11):

0 -1 0

X3 = @ = 0 0
d(p3 p3=0

0 0

These results are essentially identical to those for SO(2). However,
for SO(3), we have rotations about two other axes to consider. For
rotations about the z-axes by an angle ¢, the rotation matrix is

1 0 0
Ri(p1) =10 cosy; —sing
0

sin oy COs @1

and the corresponding generator is

_dn

X, = =
! ngl p1=0

0
0 0 -1
0
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Finally, for rotations about the y-axis by an angle ¢5, we have

cosws 0 sinpy
RQ((,OQ) = 0 1 0

—singpy 0 cos g

and the generator is

0 0 1

Xy = @ = 0 0 0
d‘PQ p2=0

-1 0 0

As can be easily verified, the matrices R;(y;) do not commute, nor
do the X;. However, the X; have an additional useful property, namely
closure under commutation. As an example, consider the products
XlXQ and X2X12

0 0 O 0 0 1 0 0 0
XiXo=[0 0 -1 0 0 O0|l=]1 0 O
0 1 0 -1 0 0 0 0 0

0 0 1 0O 0 O 0O 1 0

XoX, = 0O 0 0 0O 0 —-1]=/[0 0 0
-1 0 0 0 1 0 0O 0 0

Thus, the commutator of X; and Xs, denoted by [X;, X5] is given by

0 -1 0
[Xl,Xz] EXlXQ—XQXl = 1 0 0 :Xg
0 0 0
Similarly, we have
[X27X3] = X17 [X37X1] = X2

The commutation relations among all of the X; can be succinctly sum-
marized by introducing the anti-symmetric symbol €;;;, which takes the
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value 1 for a symmetric permutation of distinct ¢, 7, and k, the value
—1 for an antisymmetric permutation, and is zero otherwise (i.e., if two
or more of i, j and k are equal). We can then write

[Xi, X;] = eijuXn (7.13)

We will discuss the physical interpretation of these generators once we
obtain their operator form in the next section.

7.4.2 Operators for Infinitesimal Rotations

As was the case in Section 7.3, an alternative to the matrix represen-
tation of infinitesimal generators is in terms of differential operators.
Proceeding as in that section, we first write the general rotation as an
expansion to first order in each of the ¢; about the identity. This yields
the transformation matrix

x 1 —p3 Py x
yl=1vs 1 —oi|ly
4 —Y2 V1 1 z

Substituting this coordinate transformation into a differentiable func-
tion F'(z,vy, 2),
F(2',y,2") = F(x — @3y + 022,y + 037 — 12,2 — o + p1y)

and expanding the right-hand side to first order in the ¢; yields the
following expression:

F'y,?)=F(z,y,2)

(=)o (e ) (e 25
0z 83/2 71 or . 92 )7 8yx oz ” )7

Since F' is an arbitrary differentiable function, we can identify the gen-
erators X; of rotations about the coordinate axes from the coefficients
of the ¢;, i.e., with the differential operators
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0 0
9, 0
X3 l‘a—y - %

Notice that X3 is the operator obtained for SO(2) in Section 7.3. We
can now assign a physical interpretation to these operators by compar-
ing them with the vectors components of the angular operators in the
coordinate representation, obtained from the definition

L=rxp=rx(—ihV)

Carrying out the cross-product yields the standard expressions

Ly, = —zh(y2 — 22)

0z dy
. 0 0
Ly = —zh(z% — xa) (7.15)
_ 0 0
Lg = —Zh(l'a—y - %)

for the x, y, and z components of L, respectively. Thus, L; = —ih X,
for i = 1,2, 3, and (7.13) becomes

[Lz’7 LJ] = Zh&?kak

which are the usual angular momentum commutation relations. There-
fore, we can associate the vector components of the angular momentum
operator with the generators of infinitesimal rotations about the cor-
responding axes. An analogous association exists between the vector
components of the coordinate representation of the linear momentum
operator and differential translation operations along the corresponding
directions.

7.4.3 The Algebra of Infinitesimal Generators

The commutation relations in (7.13) define a “product” of two gener-
ators which yields the third generator. Thus, the set of generators is
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closed under this operation. Triple products, which determine whether
or not this composition law is associative, can be written in a concise
form using only the definition of the commutator, i.e., in the form of
an identity, without any explicit reference to the quantities involved.
Beginning with the triple product

|A,[B,C]| = A[B,C] - [B,C]A
= ABC — ACB - BCA+ CBA

We now add and subtract the quantities BAC' and CAB on the right-
hand side of this equation and rearrange the resulting expression into
commutators to obtain

[A, B, C]} — ABC — ACB — BCA+ CBA
+BAC — BAC + CAB — CAB
= —C(AB — BA) + (AB — BA)C
+B(AC — CA) — (AC — CA)B
= —[[4,B],C| +[[C. A), B]
A simple rearrangement yields the Jacobi identity
[A,[B,C)] + [B,[C, A + [C.[A, B]| =0

Notice that this identity has been obtained using only the definition of
the commutator.

For the infinitesimal generators of the rotation group, with the com-
mutator in (7.13), each of the terms in the Jacobi identity vanishes.
Thus,

A,[B,C]| = [[A,B],C]]

so the product of these generators is associative. In the more general
case, however, products of quantities defined in terms of a commutator
are not associative. The Lie algebra associated with the Lie group from
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which the generators are obtained consists of quantities A, B,C)| ...
defined by

3 3 3
A= Z aka, B = Z kak7 C= Z Cka, etc.
k=1 k=1 k=1

where the ay, by, ¢, . .. are real coefficients and from which linear com-
binations oA + B with real a and 3 can be formed. The product is
given by

[A, Bl = —[B, A

and the Jacobi identity is, of course, satisfied.
The formal definition of a Lie algebra, which is an abstraction of
the properties just discussed, is as follows.

Definition. A Lie algebra is a vector space L over some field F!
(typically the real or complex numbers) together with a binary opera-
tion [-,-] : L x L — L, called the Lie bracket, which has the following
properties:

1. Bilinearity .
lax + by, z] = a[zx, 2] + by, 2]
[z, ax + by] = alz, z] + b[z, y]
for all @ and b in F' and z, y, and z in L.
2. Jacobi identity .
([z,9), 2] + [z 2], 4] + [[y, ], 2] = 0

for all z, y, and z in L.

LA field is an algebraic system of elements in which the operations of addition,
subtraction, multiplication, and division (except by zero) may be performed without
leaving the system (closure) and the associative, commutative, and distributive
rules, familiar from the arithmetic of ordinary numbers, hold. Examples of fields
are the rational numbers, the real numbers, and the complex numbers. The smallest
field has only two elements: {0, 1}. The concept of a field is useful for defining vectors
and matrices, whose components can be elements of any field.
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3. Antisymmetry .

[z, 9] = —ly, 7]
for all x and y in L.

7.5 Summary

In this chapter, we have described the properties of Lie groups in
terms of specific examples, especially SO(2) and SO(3). With this
background, we can generalize our discussion to any Lie group. An
r-parameter Lie group of transformations on an n-dimensional space is

o = fi(x1, 22, .. Tp; 01,09, .., ay)

where ¢ = 1,2,...,n. If only one of the r parameters a; is changed
from zero, while all the other parameters are held fixed, we obtain the
infinitesimal transformations X; associated with this Lie group. These
can be expressed as differential operators by examining the effect of
these infinitesimal coordinate transformations on an arbitrary differen-
tiable function F:

" OF
dF = —dxz;
j;(‘hj J

n aF( r o )
= b d(li
=N da (S i)
N ;dal<; 8ai a:()@xj F

We identify the differential operators X; as the coefficient of da; in this
differential:

" Of; 0
=y il 9
j=1 aai a=0 8x]~
for r = 1,2,...,r. These operators satisfy commutation relations of

the form

(X, X;] = c,’ijk
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where the cfj are called structure constants and are a property of the
group. The commutator satisfies the Jacobi identity,

[0, 1, Xl | + [ X5, 1, X)] + [Xa (X5, X)) =0

which places a constraint on the structure constants. The commutator
and the Jacobi identity, together with the ability to form real linear
combinations of the X; endows these generators with the structure of
an algebra, called the Lie algebra associated with the Lie group.



Chapter 6

Groups and Representations
in Quantum Mechanics

The universe is an enormous direct product of representations of sym-
metry groups.
—Steven Weinberg!

This chapter is devoted to applying the mathematical theory of groups
and representations which we have developed in the preceding chapters
to the quantum mechanical description of physical systems. The power
of applying group theory to quantum mechanics is that it provides a
framework for making exact statements about a physical system with
a knowledge only of the symmetry operations which leave its Hamil-
tonian invariant, the so-called “group of the Hamiltonian.” Moreover,
when we apply the machinery of groups to quantum mechanics, we find
that representations—and irreducible representations in particular—
arise quite naturally, as do related concepts such as the importance of
unitarity of representations and the connection between the symmetry
of a physical system and the degeneracy of its eigenstates. We will
follow the general sequence of the discussion in Sections 1.2 and 1.3,

1Steven Weinberg, Sheldon Glashow, and Abdus Salam were awarded the 1979
Nobel Prize in Physics for their incorporation of the weak and electromagnetic
interactions into a single theory.

83



84 Groups and Representations in Quantum Mechanics

beginning with the group of the Hamiltonian, using this to establish the
symmetry properties of the eigenfunctions, and concluding with a dis-
cussion of selection rules, which demonstrates the power and economy
of using character tables. As a demonstration of the usefulness of these
constructions, we will prove Bloch’s theorem, the fundamental princi-
ple behind the properties of wavefunctions in periodic systems such as
electrons and phonons (the quanta of lattice vibrations) in single crys-
tals. The application of group theory to selection rules necessitates the
introduction of the “direct product” of matrices and groups, though
here, too, quantum mechanics provides a motivation for this concept.

6.1 The Group of the Hamiltonian

Recall the definition of a similarity transformation introduced in Section
3.3. Two matrices, or operators, A and B are related by a similarity
transformation generated by a matrix (or operator) R if

B =RAR™".

The quantity B is therefore the expression of A under the transforma-
tion R. Consider now a Hamiltonian H and its transformation by an
operation R

RHR™'.
The Hamiltonian is said to be invariant under R if
H=RHR', (6.1)
or, equivalently,
RH =HR. (6.2)

Thus the order in which 'H and the R are applied is immaterial, so ‘H
and R commute: [H, R] = 0. In this case, R is said to be a symmetry
operation of the Hamiltonian.

Consider set of all symmetry operations of the Hamiltonian, which
we will denote by {R,}. We now show that these operations form a
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group. To demonstrate closure, we observe that if R, and Rs are two
operations which satisfy (6.1), then

R.HR.' = Ro(RyHR3' )R = (RaRp)H(RoRs) ™ =M.

Thus, the product R,Rg = R, is also a symmetry operation of the
Hamiltonian. Associativity is clearly obeyed since these operations
represent transformations of coordinates and other variables of the
Hamiltonian.? The unit element E corresponds to performing no op-
eration at all and the inverse R,' of a symmetry operation R, is the
application of the reverse operation to “undo” the original transfor-
mation. Thus, the set {R,} forms a group, called the group of the
Hamiltonian .

6.2 Eigenfunctions and Representations

There are a number of consequences of the discussion in the preced-
ing section for the representations of the group of the Hamiltonian.
Consider an eigenfunction ¢ of a Hamiltonian H corresponding to the
eigenvalue F:

Hp = Eop.
We now apply a symmetry operation R, to both sides of this equation,
R.Hp = ER,p,
and use (6.2) to write
R.Hp =HR,p.
Thus, we have
H(Rap) = E(Rag)

If the eigenvalue is nondegenerate, then R,y differs from ¢ by at most
a phase factor:

Rop = €%,
2The associativity of linear operations is discussed by Wigner in Group Theory
(Academic, New York, 1959), p. 5.
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The application of a second operation Rz then produces
R3(Rap) = ey (6.3)
The left-hand side of this equation can also be written as
(RoRa)p = ¥, (6.4)
Equating the right-hand sides of Egs. (6.3) and (6.4), yields

elfbﬁa — eZd)ﬁeZ% ’

i.e., these phases preserve the multiplication table of the symmetry op-
erations. Thus, the repeated application of all of the R, to ¢ generates
a one-dimensional representation of the group of the Hamiltonian.

The other case to consider occurs if the application of all of the
symmetry operations to ¢ produces ¢ distinct eigenfunctions. These
eigenfunctions are said to be f-fold degenerate. If these are the only
eigenfunctions which have energy F, this is said to be a normal degen-
eracy . If, however, there are other degenerate eigenfunctions which are
not captured by this procedure, this is said to be an accidental degen-
eracy. The term “accidental” refers to the fact that the degeneracy is
not due to symmetry. But an “accidental” degeneracy can also occur
because a symmetry is “hidden,” i.e., not immediately apparent, so the
group of the Hamiltonian is not complete. One well-known example of
this is the level degeneracy of the hydrogen atom.

For a normal degeneracy, there are orthonormal eigenfunctions ;,
1 = 1,2,...,¢ which, upon application of one of the symmetry op-
erations R, are transformed into linear combinations of one another.
Thus, if we denote by ¢ the ¢-dimensional row vector

@ =(1,02,---,90)

we can write

Rop = ¢l'(Ra),

where I'(R,,) is an £ x £ matrix. In terms of components, this equation
reads

Raopi = z; @k [ (Ra)] ki (6.5)
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The successive application of operations R, and Rg then yields
4 0
RsRa¢i = Rp Y on[l'(Ra)les = Y (Rawn) [L(Ra)lwi -
= k=1

The operation Ry, can be written as in (6.5):

Rgpr, = Z_: ©;[T(Rp)]jx

Thus,

RsRagi = Y Z @i [D(Rs)] kU (Ra)]ki

k=1j=1

Alternatively, we can write
RyRp; = Z ;[N (RgRa)] (6.7)

By comparing (6.6) and (6.7) and using the orthonormality of the wave-
functions, we conclude that

[(RgRa) = T'(Rs)l'(Ra) ,

so the I'(R;) form an ¢-dimensional representation of the group of the
Hamiltonian. Since the eigenfunctions can be made orthonormal, this
representation can always be taken to be unitary (Problem Set 8). We
will now show that this representation is also irreducible. We first
consider the effect of replacing the ¢; by a linear combination of these
functions, ¥ = U. Then the effect of operating with R on the v is

Ry = RpU = I'U = U 'TU ,

i.e., the representation with the transformed wavefunctions is related
by a similarity transformation to that with the original eigenfunctions,
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i.e., the two representations are equivalent. Suppose that this represen-
tation is reducible. Then there is a unitary transformation of the ¢,
such that there are two or more subsets of the 1; that transform only
among one another under the symmetry operations of the Hamiltonian.
This implies that the application of the R; to any eigenfunction gen-
erates eigenfunctions only in the same subset. The degeneracy of the
eigenfunctions in the other subset is therefore accidental, in contradic-
tion to our original assertion that the degeneracy is normal. Hence, the
representation obtained for a normal degeneracy is irreducible and the
corresponding eigenfunctions are said to generate, or form a basis for
this representation.
We can summarize the results of this section as follows:

e To each eigenvalue of a Hamiltonian there corresponds a unique
irreducible representation of the group of that Hamiltonian.

e The degeneracy of an eigenvalue is the dimensionality of this ir-
reducible representation. Thus, the dimensionalities of the irre-
ducible representations of a group are the possible degeneracies
of Hamiltonians with that symmetry group.

)

e Group theory provides “good quantum numbers,” i.e.; labels cor-
responding irreducible representations to which eigenfunctions
belong.

e Although these statements have been shown for finite groups,
they are also valid for continuous groups.

6.3 Group Theory in Quantum Mechanics

The fact that eigenfunctions corresponding to an /¢-fold degenerate
eigenvalue form a basis for an /-dimensional irreducible representation
of the group of the Hamiltonian is one of the fundamental principles
behind the application of group theory to quantum mechanics. In this
section, we briefly describe the two main types of such applications,
namely, where group theory is used to obtain ezact results, and where
it is used in conjunction with perturbation theory to obtain approximate
results.
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6.3.1 Exact Results

One of the most elegant applications of group theory to quantum me-
chanics involves using the group of the Hamiltonian to determine the
(normal) degeneracies of the eigenstates, which are just the dimen-
sions of the irreducible representations. Because such a classification is
derived from the symmetry properties of the Hamiltonian, it can be ac-
complished without having to solve the Schrodinger equation. Among
the most historically important of such applications is the classifica-
tion of atomic spectral lines. The atomic Hamiltonian is comprised
of the sum of the kinetic energies of the electrons and their Coulomb
interactions, so an exact solution is impractical, even for few-electron
atoms such as He. Nevertheless, the spherical symmetry of the Hamil-
tonian enables the identification of the irreducible representations of
atomic states from which are derived the angular momentum addition
rules and multiplet structures. This will be explored further when we
discuss continuous groups. Another exact result is Bloch’s theorem,
which is the basis for many aspects of condensed matter physics. This
theorem uses the translational invariance of perfect periodic crystals
to determine the form of the eigenfunctions. As discussed in the next
section, Bloch’s theorem can be reduced to a statement about the (one-
dimensional) irreducible representations and basis functions of cyclic
groups.

The lowering of the symmetry of a Hamiltonian by a perturbation
can also be examined with group theory. In particular, the question of
whether the allowed degeneracies are affected by such a perturbation
can be addressed by examining the irreducible representations of the
groups of the original and perturbed Hamiltonians. Group theory can
address not only whether degeneracies can change (from the irreducible
representations of the two groups), but how irreducible representations
of the original group are related to those of the perturbed group. Typi-
cally, when the symmetry of a system is lowered, the dimensionalities of
the irreducible representations can also be lowered, resulting in a “split-
ting” of the original irreducible representations into lower-dimensional
irreducible representations of the group of the perturbed system.

Finally, on a somewhat more practical level, group theory can be
used to construct symmetrized linear combinations of basis functions
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to diagonalize a Hamiltonian. Examples where this arises is the low-
ering of the symmetry of a system by a perturbation, where the basis
functions are the eigenfunctions of the original Hamiltonian, the bond-
ing within molecules, where the basis functions are localized around
the atomic sites within the molecule, and vibrations in molecules and
solids, where the basis functions describe the displacements of atoms.
These applications are discussed by Tinkham.?

6.3.2 Approximate Results

The most common application of group theory in approximate calcula-
tions involves the calculation of matrix elements in perturbation theory.
A typical example is involved adding to a Hamiltonian Hy and pertur-
bation H’ due to an electromagnetic field which causes transitions be-
tween the eigenstates of the original Hamiltonian. The transition rate
W is calculated from first-order time-dependent perturbation theory,
with the result known as Fermi’s Golden Rule:*

2m S
W= oyl

where g is called the “joint density of states,” which is a measure of the
number of initial and final states which are available for the excitation,
and (i|H'|f) is a matrix element of H' between the initial and final
states. The application of group theory to this problem, which is the
subject of Section 6.6, involves determining when this matrix element
vanishes by reasons of symmetry.

6.4 Bloch’s Theorem*

Bloch’s theorem is of central importance to many aspects of electrons,
phonons, and other excitations in crystalline solids. One of the main
results of this theorem, namely, the form of the eigenfunctions, can be
derived solely from group theory. We will work in one spatial dimension,

3M. Tinkham, Group Theory and Quantum Mechanics (McGraw-Hill, New York,
1964)
4L.1. Schiff, Quantum Mechanics 2nd edn (McGraw-Hill, New York, 1955)



Groups and Representations in Quantum Mechanics 91

but the discussion can be extended easily to higher dimensions. We
consider a one-dimensional crystal where the distance between nearest
neighbors is @ and the number of repeat units is N (a large number for
a macroscopic solid). Since this system is finite, it has no translational
symmetry. However, by imposing a type of boundary condition known
as periodic, whereby the Nth unit is identified with the first unit—
effectively forming a circle from this solid—we now have N discrete
symmetries. The Schrodinger equation for a particle of mass m moving
in the periodic potential of this system is

where V(z 4+ a) = V(z).

6.4.1 The Group of the Hamiltonian
The translation of an eigenfunction by a will be denoted by R,:
Rop(x) = ¢z + a).

The basic properties of translations originate with the observation that
a translation through na,

Rnago(x) = (p(:C + na) )
can be written as the n-fold product of R,:
R" = R,R, - R, = .
ap() p(z) = p(z + na)
n factors

Moreover, because of the periodic boundary conditions, we identify the
Nth unit with the first, so

RY = Ry,

which means that no translation is carried out at all. Thus, the col-
lection of all the translations can be written as the powers of a single
element, R,:

{R,, R%,... RY = F}, (6.8)
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where F is the identity. This shows that the group of the Hamiltonian
is a cyclic group of order N. In particular, since cyclic groups are
Abelian, there are N one-dimensional irreducible representations of this
group, i.e., each eigenvalue is nondegenerate and labelled by one of these
irreducible representations.

6.4.2 Character Table and Irreducible Represen-
tations

Having identified the algebraic structure of the group of the Hamilto-
nian, we now construct the character table. Since RY = FE, and since
all irreducible representations are one-dimensional, the character for R,
in each of these representations, X(”)(Ra) must obey this product:

The solutions to this equation are the Nth roots of unity (cf. Problem
3, Problem Set 5):

XM (R,) =e¥™™N  n=0,1,2,...N—1.

The character table is constructed by choosing one of these values for
each irreducible representation and then determining the remaining en-
tries from the multiplication table of the group (since each irreducible
representation is one-dimensional). The resulting character table is:

{£} {R {3} - {B,'}
Iy 1 1 1 e 1
Iy 1 w w? cee VA
F3 ]_ w2 w4 “ e MZ(Nfl)
P'N 1 w]\}—l wzfv-z . . w(N‘—l)Q

where w = e™/N_ If we denote the eigenfunction corresponding to the
nth irreducible representation by ¢,, then applying R, yields

Ropn(7) = w" " n(7) = ¢n(z +a).
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Since the characters of this group are pure phases, the moduli of the
eigenfunctions are periodic functions:

|on(z + a)* = |pu(@)].

Thus, the most general form of the ¢, is
() = @y, (z), (6.9)

where ¢, (z) is a phase function, which we will determine below, and
the u, have the periodicity of the lattice: u,(x 4+ a) = u,(x). By com-
bining this form of the wavefunction with the transformation properties
required by the character table, we can write

Rl pa() = 0" Vg, (2) = w0 DOy, (1),

Alternatively, by applying the same translation operation directly to
(6.9) yields

R"on(x) = op(z + ma) = ew”(”m“)un(x) )

By equating these two ways of writing Ry, (x), we find that their
phase changes must be equal. This, in turn, requires that the phase
function satisfies

2rm(n — 1)

I (6.10)

¢n(x + ma) = ¢n(x) +

Thus, ¢, is a linear function of m and, therefore, also of 4+ ma, since
¢, is a function of only a single variable:

Pn(z) = Az + B,

where A and B are constants to be determined. Upon substitution of
this expression into both sides of (6.10),

A(x+ma)+B:AaE+B+%,

and cancelling common factors, we obtain

On(z) =k + B,
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where

i _2r(n—1) 2m(n-—1)
" Na L

and L = Na is the size system. The wavefunction in (6.9) thereby
reduces to

eik“”un(m) ,

@n(x) =
where we have absorbed the constant phase due to B into the definition
of u,(x). This is called a Bloch function : a function w,(z) with the
periodicity of the lattice modulated by a plane wave.®> This is one of
the two main results of Bloch’s theorem, the other being the existence
of energy gaps, which is beyond the scope of the discussion here.

6.5 Direct Products

The direct product provides a way of enlarging the number of elements
in a group while retaining the group properties. Direct products oc-
cur in several contexts. For example, if a Hamiltonian or Lagrangian
contains different types of coordinates, such as spatial coordinates for
different particles, or spatial and spin coordinates, then the symmetry
operations on the different coordinates commute with each other. If
there is a coupling between such degrees of freedom, such as particle
interactions or a spin-orbit interaction, then the direct product is re-
quired to determine the appropriate irreducible representations of the
resulting eigenstates. In this section, we develop the group theory as-
sociated with direct products and their representations. We will then
apply these concepts to selection rules in the following section.

5A related issue which can be addressed by group theory is the nature of the
quantity hk,. Although it has units of momentum, it does not represent a true
momentum, but is called the “crystal momentum.” The true momentum hk la-
bels the irreducible representations of the translation group, which is a continuous
group and will be discussed in the next chapter. The discrete translations of a pe-
riodic potential form a subgroup of the full translation group, so the corresponding
irreducible representations cannot be labelled by momentum.
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6.5.1 Direct Product of Groups

Consider two groups
G, ={e as,...,q0c,}, Gy=1{ebs....bq,},
such that all elements in G, commute with all elements in G:
a;b; = bja; ,

fori=1,2,...,|G,| and j = 1,2,...,|Gy|. We have defined a; = e and
b1 = e. The direct product of GG, and Gy, denoted by G, ® Gy, is the set
containing all elements a;b;:

G, ® Gy = {6,@2,...,G|Ga‘,b2,...,b‘Gb‘,...,aibj,...}. (6.11)

As shown in Problem 3 of Problem Set 8, the direct product is a group
of order |G,||Gb|.

Example 6.1. Consider the symmetry operations on an equilateral
triangle that has a thickness, i.e., the triangle has become a “wedge.”
Thus, in addition to the original symmetry operations of the planar
equilateral triangle, there is now also a reflection plane ;. There are
now six vertices, which are labelled as in Example 2.1, except that
we now distinguish between points which lie above, {17,2% 3"} and
below, {17,27,37}, the reflection plane. The original six operations
do not transform points above and below the reflection plane into one
another. The reflection plane, on the other hand, only transforms cor-
responding points above and below the plane into one another. Hence,
the 6 operations of a planar triangle commute with oy,.

The symmetry group of the equilateral wedge consists of the original
6 operations of a planar triangle, the horizontal reflection plane, and
their products. Since the set with elements {E, 0}, } forms a group (and
each element commutes with the symmetry operations of an equilateral
triangle), the appropriate group for the wedge is thereby obtained by
taking the direct product

{E7 0v,1,00,2,00,3, 037 Cg} 02y {E7 Uh} .
The 12 elements of this group are

2 2
{E7 Ov,1,0v,2, 0,3, 037 037 OhyO0n0y,1,01h092,0h0yp3, UhC:a, Uhcg} .
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6.5.2 Direct Product of Matrices

The determination of the irreducible representations and the character
table of a direct product group does not require a separate new calcu-
lation of the type discussed in the preceding chapter. Instead, we can
utilize the irreducible representations of the two groups used to form
the direct to obtain these quantities. To carry out these operations
necessitates introducing the direct product of matrices.

The direct product C' of two matrices A and B, written as AQ B =
C, is defined in terms of matrix elements by

aijbkl = Cik;jl - (612)

Note that the row and column labels of the matrix elements of C' are
composite labels: the row label, ¢k, is obtained from the row labels of
the matrix elements of A and B and the column label, jl, is obtained
from the corresponding column labels. The matrices need not have the
same dimension and, in fact, need not even be square. However, since
we will apply direct products to construct group representations, we
will confine our discussion to square matrices. In this case, if A is an
n X n matrix and B is an m X m matrix, C' is an mn X mn matrix.

Example 6.2. For matrices A and B given by
biy b2 D13
ann a2
Az( ), B = ba by by |,

Q21 A22
bsi b3y bss

the direct product C'= A® B is

apibin  abiz bz abin  aisbia  aisbis
a11bar  aiibay  a11baz  aiabar  aiabaa  aiabos
ai1bsi  aiibsy  aiibss  ainbsi  aisbsa  aiabss
A® B =

a21b11 agibiz  agibiz  agebin  agebia  asebis

a21021  ag1bay  asibag  agebar  aebay  agbos

a21b31  ag1bsy  asi1bss  agebsr  axbsy  agabss
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Another way of writing the direct product that more clearly displays
its structure is

A®B:<CL118 algB> .

921 B 929 B

The notion of a direct product arises quite naturally in quantum
mechanics if we consider the transformation properties of a product of
two eigenfunctions. Suppose we have two eigenfunctions ¢; and ¢, of
a Hamiltonian H which is invariant under some group of operations.
As in Section 6.2, the action of these operations on the eigenfunctions
of H is

¢
Ry, = Z SDijz‘(R) )
j=1

[/
Rpy = > pilju(R).
=

The question we now ask is: how does the product p;p; transform under
the symmetry operations of the Hamiltonian? Given the transformation
properties of ¢; and ¢; noted above, we first observe that

R(pipir) = R(pi) R(pir) -

In other words, since R represents a coordinate transformation, its ac-
tion on any function of the coordinates is to transform each occurrence
of the coordinates. Thus,

? VA
R(eipir) = D > i L5i(R)Tjir (R)

j=14'=1

l A
= > @il (R),

j=1j4'=1

so @;py transforms as the direct product of the irreducible representa-
tions associated with ¢; and ¢, .
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6.5.3 Representations of Direct Product Groups

Determining the representations of direct products and the construction
of their character tables are based on the following theorem:

Theorem 6.1. The direct product of the representations of two groups
is a representation of the direct product of these groups.

Proof. A typical product of elements in the direct product group in
(6.11) is

(apby)(ayby) = (apay)(boby) = arby .

A representation of the direct product group must preserve the mul-
tiplication table. We will use the notation that the matrix A(a,b,)
corresponds to the element a,b,. Thus, we must require that

A(apbq)A(ap/bq/) = A(arbr/) .

By using the definition of the direct product of two matrices in Equation
(6.12), we can write this equation in terms of matrix elements as

{A(apbq>A<ap’bq’)]ik;ﬂ = Z A(apbq)ik;mn A(%’bq’)mn;jl
" A )im Albg)in (A(ay) Yomg Ayt

= A(CLT)Z‘jA<br’)kl

= A(arbr’)ik;jl .

Thus, the direct product of the representations preserves the multipli-
cation table of the direct product group and, hence, is a representation
of this group. 1

In fact, as shown in Problem 4 of Problem Set 8, the direct product
of irreducible representations of two groups is an irreducible represen-
tation of the direct product of those groups. An additional convenient
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feature of direct product groups is that the characters of its represen-
tations can be computed directly from the characters of the represen-
tations of the two groups forming the direct product. This statement
is based on the following theorem:

Theorem 6.2. If x(a,) and x(b,) are the characters of representations
of two groups G, and G, the characters x(a,b,) of the representation
formed from the matrix direct product of these representations is

X(apbq) = X(%)X(bq) .

Proof. From the definition of the direct product, a representation
of the direct product group is

Alapby)ijim = Alap)inA(bg) i -

Taking the trace of both sides of this expression yields
> Alapbg)ijaj = ( > A(%)n’) ( > A(bq)jl> -
1,) 7 J

x(apbq) X(ap) X(bg)

Thus,

x(apby) = x(ap)x(by) ,
which proves the theorem. 1

Since the characters are associated with a given class, the characters
for the classes of the direct product are computed from the characters
of the classes of the original groups whose elements contribute to each
class of the direct product. Moreover, the number of classes in the direct
product group is the product of the numbers of classes in the original
groups. This can be seen immediately from the equivalence classes in
the direct product group. Using the fact that elements belonging to
the different groups commute,

(aibj) ™" (arby)(aib;) ™" = (a; 'aga;)(b; 'bib;) .
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Thus, equivalence classes in the direct product group must be formed
from elements in equivalence classes in the original groups.

Example 6.3. Consider the direct product group of the equilateral
wedge in Example 6.1. The classes of S3 are (Example 2.9), in the
notation of Example 5.5,

{E}7 {gv,laav,Qagv,3}7 {03703?} )

and the classes of the group {F, oy} are

{£}y, Aon}-

There are, therefore, six classes in the direct product group, which are
obtained by taking the products of elements in the original classes, as
discussed above:

{E}7 {0370??}7 {0%1,0'1,’2,01,73} )

{Jh}7 Uh{037032}7 O-h{o-v,17o-v,27o-v,3} .

The structure of the character table of the direct product group can
now be determined quite easily. We denote the character for the ath
class of the jth irreducible representation of group G, by xZ (a,). Simi-
larly, we denote the the character for the Gth class of the [th irreducible
representation of group G, by X%(bq). Since the direct products of irre-
ducible representations of G, and (G}, are irreducible representations of
G, ® Gy (Problem 4, Problem Set 8), and since the classes of G, ® Gy,
are formed from products of classes of G, and Gy, the character table
of the direct product group has the form

Xilﬁ<apbq> = Xfx(ap)Xlﬁ(bq) .

In other words, with the character tables regarded as square matrices,
the character table of the direct product group G, x G, is constructed
as a direct product of the character tables of G, and Gj!
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Example 6.4. For the direct product group in Example 6.3, the char-
acter tables of the original groups are

E 30, 2Cs
A1 1 1
Ay |1 -1 1
E |2 0 -1
and
E Op
A1 1
A | 1 -1

The character table of the direct product group is, therefore, the
direct product of these tables (cf. Example 6.1):

E 30, 2C5| o0, 30,0, 20,Cs
AFT1 1 1 1 1 1
AF |1 -1 1 1 -1 1
ET |2 0 —1 2 0 -1
A1 1 1 [ -1 -1 -1
Ay |1 -1 1| -1 1 -1
E- |2 0o -1 | -2 0 1

where the superscript on the irreducible representation refers to the
parity under reflection through oy,.

6.6 Selection Rules

One common application of direct products and their representations
is in the determination of selection rules. In this section, we will apply
the techniques developed in this chapter to determine the conditions
where symmetry requires that a matrix element vanishes.
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6.6.1 Matrix Elements

As discussed in Section 6.3.2, the determination of selection rules is
based on using group theory to ascertain when the matrix element

Mip = GIH) = [ ¢ila) Hipp(@) da (6.13)

vanishes by reasons of symmetry. In this matrix element, the initial
state transforms according to an irreducible representation I'” and
the final state transforms according to an irreducible representation
'), Tt only remains to determine the transformation properties of
H'. We do this by applying each of the operations of the group of
the original Hamiltonian Hjy to the perturbation H’. If we retain only
the distinct results of these operations we obtain, by construction, a
representation of the group of the Hamiltonian, which we denote by I".
This representation may be either reducible or irreducible, depending
on H' and on the symmetry of Hy. If H' has the same symmetry as H,,
then this procedure generates the identical representation. At the other
extreme, if H' has none of the symmetry properties of Hy, then this
procedure generates a reducible representation whose dimensionality is
equal to the order of the group.

We now consider the symmetry properties under transformation of
the product H(z)ps(x). From the discussion in Section 6.5.2, we con-
clude that this quantity transforms as the direct product IV @ I'¥).
Since quantities that transform to different irreducible irreducible rep-
resentations are orthogonal (Problem 6, Problem Set 8), the matrix
element (6.13) vanishes if this direct product is either not equal to r®
or, if it is reducible, does not include I'¥ in its decomposition. We can
summarize this result in the following theorem:

Theorem 6.3. The matrix element
GIH) = [ @e) Hips(w) d

vanishes if the irreducible representation I'® corresponding to ¢; is not
included in the direct product I" @ T'Y) of the representations I and
I'tY) corresponding to H' and ¢ #, respectively.
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It is important to note that this selection rule only provides a con-
dition that guarantees that the matrix element will vanish. It does not
guarantee that the matrix element will not vanish even if the conditions
of the theorem are fulfilled.

6.6.2 Dipole Selection Rules

As a scenario which illustrates the power of group theoretical methods,
suppose that H' transforms as a vector, i.e., as (x,y, z). This situation
arises when the transitions described by Fermi’s Golden Rule (Section
6.3.2) are caused by an electromagnetic field. The form of H’ in the
presence of an electromagnetic potential A is obtained by making the
replacement®

p—p—cA

for the momentum in the Hamiltonian. For weak fields, this leads to a
perturbation of the form

H=Sp A (6.14)
m

Since the electromagnetic is typically uniform, we can write the matrix
element M;; as

Mg~ (ilplf) - A

so the transformation properties of p = (py, py, p.), which are clearly
those of a vector, determine the selection rules for electromagnetic tran-
sitions. These are called the dipole selection rules. The examination of
many properties of materials rely on the evaluation of dipole matrix
elements.

Example 6.6. Suppose the group of the Hamiltonian corresponds to
the symmetry operations of an equilateral triangle, i.e., Cj,, the char-
acter table for which is (Example 5.5)

SH. Goldstein, Classical Mechanics (Addison-Wesley, Reading, MA, 1950)
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Cgv 1) SUU 203
A |1 1 1
A |1 -1 1
E |2 0o -1

To determine the dipole selection rules for this system, we must first
determine the transformation properties of a vector r = (z,y,2). We
take the z- and y-axes in the plane of the equilateral triangle and the
z-axis normal to this plane to form a right-handed coordinate system.
Applying each symmetry operation to r produces a reducible repre-
sentation because these operations are either rotations or reflections
through vertical planes. Thus, the z coordinate is invariant under ev-
ery symmetry operation of this group which, together with the fact that

an (x,y) basis generates the two-dimensional irreducible representation
E| yields

F/:Al@E

We must now calculate the characters associated with the direct
products of between I and each irreducible representation to determine
the allowed final states given the transformation properties of the initial
states. The characters for these direct products are shown below

I"'=A,0F

Cs, E 30, 2Cs
Ay 1 1 1
A, 1 -1 1
E 2 0o -1
A" | 3 1 0
Ay |3 -1 0
ExI"| 6 0 0

Using the decomposition theorem, we find
AT =AaF
Ayel"=A 0 FE
E@I'=A & Ay ®2F
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Thus, if the initial state transforms as the identical representation Ay,
the matrix element vanishes if the final state transforms as A,. If the
initial state transforms as the “parity” representation A,, the matrix
element vanishes if the final state transforms as A;. Finally, there is no
symmetry restriction if the initial state transforms as the “coordinate”
representation £. 1

6.7 Summary

This chapter has demonstrated how the mathematics of groups and
their representations are used in quantum mechanics and, indeed, how
many of the structures introduced in the preceding chapters appear
quite naturally in this context. Apart from exact results, such as
Bloch’s theorem, we have focussed on the derivation of selection rules
induced by perturbations, and derived the principles behind dipole se-
lection rules. A detailed discussion of other applications of discrete
groups to quantum mechanical problems is described in the book by
Tinkham. Many of the proofs concerning the relation between quan-
tum mechanics and representations of the group of the Hamiltonian are
discussed by Wigner.
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Chapter 5

Characters and Character
Tables

In great mathematics there is a very high degree of unexpectedness, com-
bined with inevitability and economy.
—Godfrey H. Hardy!

In the preceding chapter, we proved the Great Orthogonality Theorem,
which is a statement about the orthogonality between the matrix ele-
ments corresponding to different irreducible representations of a group.
For many applications of group theory, however, the full matrix rep-
resentations of a group are not required, but only the traces within
classes of group elements—called “characters.” A typical application
involves determining whether a given representation is reducible or irre-
ducible and, if it is reducible, to identify the irreducible representations
contained within that representation.

In this chapter, we develop the mathematical machinery that is used
to assemble the characters of the irreducible representations of a group
in what are called “character tables.” The compilation of character ta-
bles requires two types of input: the order of the group and the number
of classes it contains. These quantities provide stringent restrictions

LG.H. Hardy, A Mathematician’s Apology (Cambridge University Press, London,
1941)
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on the number of irreducible representations and their dimensionali-
ties. Moreover, orthogonality relations derived from the Great Orthog-
onality Theorem will be shown to provide constraints on characters of
different irreducible representations, which considerably simplifies the
construction of character tables.

5.1 Orthogonality Relations

The Great Orthogonality Theorem,

Y G|
> (AL (A )iy = 701051 (5.1)
« k
is a relationship between the matrix elements of the irreducible repre-
sentations of a group G. In this section, we show how this statement
can be manipulated into an expression solely in terms of the traces of
the matrices in these representations. This will open the way to estab-
lishing a sum rule between the number of irreducible representations
and the number of classes in a group.
We begin by setting j =i and j' =4 in (5.1),
I G
S (A8 i = ot (5:2)
= di
where we have used the fact that d;;0; s = J; . Summing over ¢ and 4’
on the left-hand side of this equation yields

YA = 3 | [z

Qi o a L il

tr(AF) tr(AF)*

=D tr(Af)tr(AL)",
and, by summing over ¢ and ' on the right-hand side of (5.2), we obtain
G G
uék,k’ YD i = uék,k’ > 1= |Glopp -
dy, i dy, i

——
dy,
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We have thereby reduced the Great Orthogonality Theorem to
ST tr(AR) (AR = |Glop - (5.3)

This expression can be written in a more useful form by observing
that matrices corresponding to elements in the same conjugacy class
have the same trace. To see this, recall the definition in Section 2.6
of the conjugacy of two elements a and b group G. There must be
an element g in G such that a = gbg~'. Any representation {A,},
reducible or irreducible, must preserve this relation:

Ay = Ay Ay A .

This representation must also have the property that A;-1 = Ag_l. Thus
(Problem 2, Problem Set 4),

tr(A,) = tr(AgAbAg_l) = tr(AglAgAb) = tr(A4y).

We can now introduce the notation x* for the trace corresponding to
all of the elements of the ath class of the kth irreducible representation.
This is called the character of the class. If there are n, elements in this
class, then we can write the relation (5.3) in terms of characters as a
sum over conjugacy classes

C
> naXaXa = |Gloww (5.4)
a=1

where C is the number of conjugacy classes. In arriving at this relation,
we have proven the following theorem:

Theorem 5.1 (Orthogonality Theorem for Characters). The char-
acters of the irreducible representations of a group obey the relation

Znaxgxg* = |G| 6k -

This orthogonality theorem can be used to deduce a relationship
between the number classes of a group and the number of irreducible
representations. By rearranging (5.4) as

5 [(%)”QX';} [(%)1/2%;’*] S
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and introducing the vectors

X" = |GI7 2 (Vmxd, Ve, - v/iexe)

we can write the orthogonality relation for characters as

Xk‘ik/ _ 5k7k, )

The X" reside in a space whose dimension is the number of classes C in
the group. Thus, the maximum number of a set of mutually orthogonal
vectors in this space is C. But these vectors are labelled by an index &
corresponding to the irreducible representations of the group. Hence,
the number of irreducible representations must be less than or equal to
the number of classes.

It is also possible? to obtain an orthogonality relation with the roles
of the irreducible representations and classes reversed in comparison to
that in Theorem 5.1:

. _ |Gl
XaX5 = —0as- (5.5)
K Na
By following analogous reasoning as above, we can deduce that this or-
thogonality relation implies that the number of irreducible representa-
tions must be greater than or equal to the number of classes. Combined
with the statement of Theorem 5.1, we have the following theorem:

Theorem 5.2. The number of irreducible representations of a group is
equal to the number of conjugacy classes of that group.

Example 5.1. For Abelian subgroups each element is in a class by
itself (Problem 6, Problem Set 3). Thus, the number of classes is equal
to the order of the group, so, according to Theorem 5.2, the number
of irreducible representations must also equal the order of the group.
When combined with the restriction imposed by Eqn. (4.19), which we
can now write as

|G|

> di =Gl
k=1

2M. Hamermesh, Group Theory and its Application to Physical Problems (Dover,
1989, New York) pp. 106-110.




Characters and Character Tables 69

we have an alternative way (cf. Problem 4, Problem Set 5) of seeing
that all of the the irreducible representations of an Abelian group are
one-dimensional, i.e., d, =1, for k =1,2,...,|G|. |

Example 5.2. For the group Ss, there are three classes: {e}, {a,b, c},
and {d, f} (Example 2.9). Thus, there are three irreducible represen-
tations which, as we have seen, consist of two one-dimensional repre-
sentations and one two-dimensional representation. I

5.2 The Decomposition Theorem

One of the main uses of characters is in the decomposition of a given
reducible representation into its constituent irreducible representations.
The procedure by which this is accomplished is analogous to projecting
a vector onto a set of complete orthogonal basis vectors. The theorem
which provides the foundation for carrying this out with characters is
the following:

Theorem 5.3 (Decomposition Theorem).  The character y, for the
ath class of any representation can be written uniquely in terms of the
corresponding characters of the irreducible representations of the group
as

Xa = Z akX]; )
k
where
ar = = 3 naxx
G| & e
Proof. For a reducible representation, the same similarity transfor-
mation brings all of the matrices into the same block-diagonal form. In

this form, the matrix A, can be written as the direct sum of matrices
Aé? of irreducible representations:

An=Ar o A2 .. @ Al
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where v = 1,2,...,|G| and ky, ko, ...k, label irreducible representa-
tions. Given this, and the fact that similarity transformations leave
the trace invariant, we can write the character y; of this reducible rep-
resentation corresponding to the ith class as

Yo =D apxt, (5.6)
k

where the ap must be nonnegative integers. We now multiply both
sides of this equation by naxlg*, sum over «, and use the orthogonality
relation (5.4):

S X e = Y ar Y naxExE" = |Glay
« k «

GG

Thus,
1 .
ap = @ Znaxg Xa s (5.7)

so ays is the projection of the reducible representation onto the k’th
irreducible representation. Note that, because the number of irreducible
representations equals the number of classes, the orthogonal vectors of
characters span the space whose dimensionality is the number of classes,
so this decomposition is unique. 1

The Decomposition Theorem reduces the task of determining the ir-
reducible representations contained within a reducible representation to
one of vector algebra. Unless a particular application requires the ma-
trix forms of the representations, there is no need to block-diagonalize
a representation to identify its irreducible components.

We can follow a procedure analogous to that used to prove the De-
composition Theorem to derive a simple criterion to identify whether
a representation is reducible or irreducible. We begin with the decom-
position (5.6) and take its complex conjugate:

Xo =D awxt®, (5.8)
k/
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where we have used the fact that the a; are integers, so aj = a,. We
now take the product of (5.6) and (5.8), multiply by n,, sum over «,
and invoke (5.4):

S naXaXn = D arap > naXixEr =G> af .
« k

k,k' 7

|G| 0 i

Thus,
S nalEl =161 a (59)
« k

If the representation in question is irreducible, then all of the a;, are zero,
except for the one corresponding to that irreducible representation,
which is equal to unity. If the representation is reducible, then there
will be at least two of the a, which are positive integers. We can
summarize these observations with a simple criterion for reducibility.
If the representation is irreducible, then

> nalxal* =G, (5.10)

and if the representation is reducible,

> nalxal®> > 1G] (5.11)

Example 5.3. Consider the following representation of Ss:

(e ) ()

(0 D) =G D) s )

There are three classes of this group, {e}, {a,b,c}, and {d, f}, so we
have ny = 1, ny = 3, and nz = 2, respectively. The corresponding
characters are

N[ =

N[+
N[

X1:2a X2:07 X3:_1
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Forming the sum in (5.9), we obtain

ina|Xa (I1x4)+3B3x0)+(2x1)=6,

which is equal to the order of the group. Therefore, this representation
is wrreducible, as we have already demonstrated in Example 3.4 and in
Problem 1, Problem Set 6.

Example 5.4. Another representation of Ss is

.y (1 0) b
e=d=f= , a=b=c=
0 1

N[ =

(i 1)
-3 1 '
The characters corresponding to the three classes are now

X1:27 XQZO, X3:2

Forming the sum in (5.9), we find
Znﬂxl (I1x4)+(B3x0)+(2x4)=12,

which is greater than the order of the group, so this representation is
reducible (cf. Problem 2, Problem Set 6). To determine the irreducible
constituents of this representation, we use the decomposition theorem.
There are three irreducible representations of S3: the one-dimensional
identical representation, with characters

and the two-dimensional “coordinate” representation discussed above
in Example 5.3, with characters
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We now calculate the a;, using the expression in Equation (5.7). These
determine the “projections” of the characters of the reducible represen-
tation onto the characters of the irreducible representation. We obtain

a1 = 2(I1x1x2)+Bx1x0)+@2x1x2)]=1,
= 2[(1x1x2)+(Bx-1x0)+(2x1x2)|=1,
a5 = 2[(1x2x2)+(3x0x0)+(2x-1x2)| =0,

Thus, this reducible representation is composed of the identical repre-
sentation and the “parity” representation, with no contribution from
the “coordinate” representation. The block-diagonal form of this rep-
resentation is, therefore,

.y (1 0) , 1<1 0)
e=a=J = , a=0=c=g ,
0 1 2\o -1

which is the result obtained in Problem 5, Problem Set 5 by applying
matrix methods. |l

5.3 The Regular Representation

Our construction of irreducible representations has thus far proceeded
in an essentially ad hoc fashion, relying in large part on physical argu-
ments. We have not yet developed a systematic procedure for construct-
ing all of the irreducible representations of a group. In this section, we
introduce a method, based on what is called the “regular” represen-
tation, which enables us to accomplish this. However, our purpose
for introducing such a methodology is not the determination of irre-
ducible representations as such, since even for relatively simple groups,
the approach we describe would present a computationally demanding
process, but as a theoretical tool for proving a theorem. Moreover, we
will find that, for applications of group theory to quantum mechanics,
the irreducible representations of the group of operations that leave
Hamiltonian invariant will emerge naturally without having to rely on
any auxiliary constructions.
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The regular representation is a reducible representation that is ob-
tained directly from the multiplication table of a group. As we will show
below, this representation contains every irreducible representation of
a group at least once. The construction of the regular representation
is based on arranging the multiplication table of a group so that the
unit element appears along the main diagonal of the table. Within such
an arrangement the columns (or rows) of the table are labelled by the
group elements, arranged in any order, and the corresponding order of
the inverses labels the rows (or columns).

As an example, consider the multiplication table for S3 (Section 2.4)
arranged in the way just described:

D QA QO

Q@00 Q oo
~ 0 2 0 O QX

QO AU Q|2
TR D QAR O|O

Q0O T2 |

The matrices of the regular representation are obtained by regarding
the multiplication table as an |G| x |G| array from which the matrix
representation for each group element is assembled by putting a ‘1’
where that element appears in the multiplication table and zero else-
where. For example, the matrices corresponding to the unit e and the
element a are

0
0
0
1
0
0

S = O O O O
_ o O O O O
_ o O O O O
S = O O O O
o O = O O O

o O O o = O
o o o o o =
o O O = O O

0
0
1
0
0
0

o o o o o
o o o o =~ O

with analogous matrices for the other group elements.
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Our first task is to show that the regular ‘representation’ is indeed
a representation of the group. First of all, it is clear that the mapping
we have described is one-to-one. For any two elements g; and go of
this group, we denote the matrices in the regular representation that
correspond to these elements as Aye(g1) and Ayeg(g2). Thus, to show
that these matrices form a representation of S3, we need to verify that

Areg(9192) = Areg(gl)ArEg(QZ) )

i.e., that the multiplication table is preserved by this representation.
We consider this relation expressed in terms of matrix elements:

[Areg(glg2)} ij = ; {Areg<gl)Lk {Areg(QQ)} kj . (512)

From the way the regular representation has been constructed, the ith
row index of these matrix elements can be labelled the inverse of the
ith group element g; ' and the jth column can be labelled by the jth
group element g;:

1, if gi'g; = gigo;

{Areg(gng)} = {Areg(gng)} = {

.. -1 .
K Gi 9 0; otherwise

1, if i—l =g
{Areg(m)]ik: [Areg(gl)}gil,gk:{ ifg; gr =

0; otherwise

1, if g tg; = go;

[Areg(m)}k. = [Arex(g2)] _ {

—1 . .
J Ik 95 0; otherwise

Therefore, in the sum over k in (5.12), we have nonzero entries only
when

9192 = (95" 91) (9 ' 97) = 9: ' 95,

which gives precisely the nonzero matrix elements of A,es(g192). Hence,
the matrices A,eq(g1) preserve the group multiplication table and thereby
form a faithful representation of the group.
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Our main purpose in introducing the regular representation is to
prove the following theorem:

Theorem 5.4. The dimensionalities d; of the irreducible representa-
tions of a group are related to the order |G| of the group by

>_di=|Gl.
k

This theorem shows that the inequality (4.19), which was deduced di-
rectly from the Great Orthogonality Theorem is, in fact, an equality.

Proof. We first show, using Eqn. (5.9), that the regular represen-
tation is reducible. To evaluate the sums on the left-hand side of this
equation, we note that, from the construction of the regular repre-
sentation, the characters x,eq; vanish for every class except for that
corresponding to the unit element. Denoting this character by Xyege,
we see that its value must be equal to the order of the group:

Xreg,e — ‘G’ .

Thus,

> NalXal® = Xiege = IGI*
[e%

which, for |G| > 1 is greater than |G|. Thus, for groups other than the
single-element group {e}, the regular representation is reducible.

We will now use the Decomposition Theorem to identify the irre-
ducible constituents of the regular representation. Thus, the characters
Xreg,a fOr the ath class in the regular representation can be written as

Xreg,ao = Z akxloi .
k
According to the Decomposition Theorem, the a; are given by

1 kx
ap = @ zo;naxa Xreg,a -
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We again use the fact that x,eq . = |G|, with all other characters vanish-
ing. The corresponding value of x* is determined by taking the trace of
the identity matrix whose dimensionality is that of the kth irreducible
representation: x* = d. Therefore, the Decomposition Theorem yields

Xde|G|:dk,

" el
i.e., the kth irreducible representation appears dj times in the regular
representation: each one-dimensional irreducible representation appears
once, each two-dimensional irreducible representation appears twice,
and so on. Since the dimensionality of the regular representation is |G|,
and since ay is the number of times the kth irreducible representation
appears in the regular representation, we have the constraint

Zakdk = |G\ )
k
ie.,
> di =1G].
k
|

This sum rule, and that equating the number of classes to the num-
ber of irreducible representations (Theorem 5.2), relate a property of
the abstract group (its order and the number of classes) to a property
of the irreducible representations (their number and dimensionality).
The application of these rules and the orthogonality theorems for char-
acters is the basis for constructing character tables. This is described
in the next section.

5.4 Character Tables

Character tables are central to many applications of group theory to
physical problems, especially those involving the decomposition of re-
ducible representations into their irreducible components. Many text-
books on group theory contain compilations of character tables for the
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most common groups. In this section, we will describe the construction
of character tables for S3. We will utilize two types of information: sum
rules for the number and dimensionalities of the irreducible represen-
tations, and orthogonality relations for the characters. Additionally,
the group multiplication table can be used to establish relationships
for one-dimensional representations. By convention, characters tables
are displayed with the columns labelled by the classes and the rows by
the irreducible representations.

The first step in the construction of this character table is to note
that, since |S5| = 6 and there are three classes (Example 2.9), there are
3 irreducible representations whose dimensionalities must satisfy

di+d5+d;=6.

The unique solution of this equation (with only positive integers) is
di =1,dy =1, and d3 = 2, so there are two one-dimensional irreducible
representations and one two-dimensional irreducible representation.

In the character table for any group, several entries can be made im-
mediately. The identical representation, where all elements are equal to
unity, is always a one-dimensional irreducible representation. Similarly,
the characters corresponding to the unit element are equal to the di-
mensionality of that representation, since they are calculated from the
trace of the identity matrix with that dimensionality. Thus, denoting
by «, 3, v, and § quantities that are to be determined, the character
table for Ss is:

Ss | {e} {a,b,c} {d, f}
1 1

Iy 1
FQ 1 (67 ﬁ
P3 2 Y )

where the I'; are a standard label for the irreducible representations.

The remaining entries are determined from the orthogonality re-
lations for characters and, for one-dimensional irreducible representa-
tions, from the multiplication table of the group. The orthogonality
relation in Theorem 5.1, which is an orthogonality relation for the rows
of a character table, yield

1+3a+23=0, (5.13)
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1+3a®+23*=6. (5.14)
The group multiplication table requires that
a’ =e, b =e, A =e, d=f.

Since the one-dimensional representations must obey the multiplication
table, these products imply that

=1, F=p
Substituting these relations into (5.14), yields 4 + 25 = 6, i.e.,
p=1

Upon substitution of this value into (5.13), we obtain 3 4+ 3a = 0, i.e.,
a=—1

From the orthogonality relation (5.5), which is an orthogonality relation
between the columns of a character table, we obtain

I+a+2y=0
1+8+20=0

Substituting the values obtained for  and (3 into these equations yields

The complete character table for S5 is therefore given by

S3 {6} {@7 b, C} {da f}
T, | 1 1 1
M, | 1 1 1
I's| 2 0 -1

When character tables are compiled for the most common groups,
a notation is used which reflects the fact that the group elements cor-
respond to transformations on physical objects. The notation for the
classes of S3 are as follows:
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e {e} — E. The identity.

e {a,b,c} — 30,. Reflection through wertical planes, where ‘verti-
cal’ refers to the fact that these planes contain the axis of highest
rotational symmetry, in this case, the z-axis. The ‘3’ refers to
there being three elements in this class.

e {d, f} — 2C5. Rotation by 27 radians, with the ‘2’ again referring
to the there being two elements in this class. The notation C3
is for rotations by %7‘(‘ radians, so the ‘class’ notation is meant
only to indicate the type of operation. In general, C, refers to
rotations through 27 /n radians.

Several notations are used for irreducible representations. One of
the most common is to use A for one-dimensional representations, F
for two-dimensional representations, and T for three-dimensional rep-
resentations, with subscripts used to distinguish multiple occurrences
of irreducible representations of the same dimensionality. The notation
[ is often used to indicate a generic (usually irreducible) representa-
tion, with subscripts and superscripts employed to distinguish between
different representations. With the first of these conventions, the char-
acter table for S3, which is known as the group Cj3, when interpreted
as the planar symmetry operations of an equilateral triangle, is

Cs, | E 30, 2C5
A, |11 1
A, |1 -1 1
E |2 0 —1

5.5 Summary

This chapter has been devoted to characters and character tables. The
utility of characters in applications stems from the following:
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1. The character is a property of the class of an element.

2. Characters are unaffected by similarity transformations, so equiv-
alent representations—reducible or irreducible—have the same
characters.

3. Asshown in Equations (5.10) and (5.11), the characters of a repre-
sentation indicate, through a straightforward calculation, whether
that representation is reducible or irreducible.

4. Characters of irreducible representations obey orthogonality the-
orems which, when interpreted in the context of character ta-
bles, correspond to the orthogonality relations of their rows and
columns.

5. According to the Decomposition Theorem, once the character ta-
ble of a group is known, the characters of any representation can
be decomposed into its irreducible components.
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Chapter 9

Unitary Groups and SU(N)*

The irreducible representations of SO(3) are appropriate for describing
the degeneracies of states of quantum mechanical systems which have
rotational symmetry in three dimensions. But there are many systems
for which operations on classical coordinates must be supplemented
by operations on “internal” degrees of freedom which have no classical
analogue. For example, the Stern-Gerlach experiment showed that
electrons are endowed with an internal degree of freedom called “spin”
which has the properties of an angular momentum. The two spin states
are therefore inconsistent with the dimensionalities of the irreducible
representations of SO(3), so another group—SU(2)—must be used to
describe these states. Since, as we will show in Section 9.2, SU(2) is
locally isomorphic to SO(3), we can define a total spin .S in an abstract
three-dimensional space, analogous to the total angular momentum in
real space. In particle physics, unitary symmetry was used to describe
the approximate symmetry (called isospin) of neutrons and protons
and, more recently, to describe particle spectra within the framework
of the quark model.

In this chapter, we introduce unitary groups and their irreducible
representations in a similar manner to which we developed SO(3). We
begin by defining unitarity in terms of the invariance of an appropriate
quantity and proceed to discuss the construction of irreducible repre-
sentations of these groups in N dimensions. Higher-dimensional irre-
ducible representations will be obtained with the aid of Young tableaux,
which is a diagrammatic technique for determining the dimensionali-

147
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ties and the basis functions of irreducible representations derived from
direct products.

9.1 SU(2)

As with orthogonal matrices, the unitary groups can be defined in terms
of quantities which are left invariant. Consider a general complex trans-
formation in two dimensions, ' = Az which, in matrix form, reads:

y) \e d)\y
where a, b, ¢, and d are complex, so there are eight free parameters.

The determinant of this matrix is nonzero to permit the construction
of inverses.

9.1.1 Unitary Transformations

Suppose we require the quantity |z|? + |y|? to be an invariant of such a
transformation. Then,

' + [¢/|? = oz + byl|* + |cx + dyl?
= (az + by)(a’z" + b"y") + (cx + dy)(c"z" + d*y")
= (la]* + [e[*)|2]* + (ab" + cd*)zy* + (b + c*d)z"y
+ (b + |d*)[yl?
= |z[* + [y/?

Since x and y are independent variables, this invariance necessitates
setting the following conditions on the matrix elements:

a>+1c>=1, PP+ |d?*=1, ab*+cd =0

These four conditions (the last equation provides two conditions be-
cause it involves complex quantities) means that the original eight free
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parameters are reduced to four. These conditions are the same as those
obtained by requiring the ATA = 1, so the determinant of the result-
ing matrix has modulus unity. These transformations are analogous
to orthogonal transformations of real coordinates and, indeed, orthog-
onal transformations are also unitary. The group comprised of unitary
matrices is denoted by U(2) and by U(N) for the N-dimensional case.

9.1.2 Special Unitary Transformations

If, in addition to the conditions above, we require that the determinant
of the transformation is unity, the transformation matrix must have the

form
x a b T
( ):( )( ) WPEpE=1 (1)
y/ _b* Cl* y

There are now three free parameters and the group of these matrices is
denoted by SU(2) where, as in our discussion of orthogonal groups, the
‘S’ signifies ‘special’ because of the requirement of a unit determinant.

9.2 Relation between SU(2) and SO(3)

9.2.1 Pauli Matrices

If the matrix elements of the general unitary matrix in (9.1) are ex-
pressed in terms of their real and imaginary parts, we can decompose
this matrix into the components of a “basis.” Thus, with a = a, + ia;
and b = b, + ib;, we have

—b, +1b; a, —iq;

10 10 0 1 0 1
S O R W S K O
0 1 0 -1 -1 0 10

| —

0 —1
v 0

( a,,—i—mi br—f—lbz)
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Thus, any 2 x 2 unitary matrix can be represented as a linear combi-
nation of the unit matrix and the matrices

(1 O> (0 —i) (0 1)
0-17: 9 Jy: . ) UZ:
0 -1 10 1 0

These three (Hermitian) matrices are known as the Paulimatrices . They
satisfy the following multiplication rules:

or =1 (i =m,y,2)
(9.2)

0i0; = —0;0; = iﬁijkak ({27]7 k} =T,Y, Z)

where [ is the 2 x 2 unit matrix. These multiplication rules can be
used to obtain a concise expression for the product of two matrices
written as a@-o and b-o, where @ = (a,,ay,a,), b = (b, b,,b,), and
o =(04,0y4,0,):

(a-0)(b-o)=(ab)+ilaxb)o (9.3)

9.2.2 Infinitesimal Generators

Moreover, if we define matrices X; = —%z’ai, fori = 1,2, 3, then the sec-
ond of the multiplication rules in (9.2) yield the following commutation
relations:

(Xi, X;] = €iju Xk

These are identical to commutators of the infinitesimal generators of
SO(3) in (7.13). Thus, locally at least, there is an isomorphism between
SO(3) and SU(2). Motivated by the discussion in Section 7.3, consider
the matrix

U=exp(—3ipn-o)

where ¢n is the axis-angle representation of a rotation (Section (8.3).
Since the exponential of a matrix is defined by its Taylor series expan-
sion, we have

v=3 Sl Gerney

n.
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From Equation (9.3), (n-a)? =1, so

n

— (=" 4
= ]kz::o @n)] (Ly)

TL

i l >2n+1
i ( 2n+ 1)

= cos (50)] —i(n-o)sin (5p)

cos (3) — in.sin (3¢) —(ny + ing) sin (1¢)
= (9.4)
(n, — ing) sin (3¢) cos () + in. sin (5¢)
This matrix is manifestly of the unitary form in (9.1) with unit deter-
minant. The Pauli matrices are, therefore, the infinitesimal generators
of SU(2) and form a representation of its Lie algebra.

9.2.3 Local and Global Mappings between SU(2)
and SO(3)

The matrix in (9.4) is parametrized in the same way as rotations in
SO(3), namely, in terms of a rotation angle ¢ and a rotation axis n.
But, although the mapping between SU(2) and SO(3) is locally an iso-
morphism, since their algebras are isomorphic, globally this relationship
is a homomorphism. The reason for this stems from the periodicity of
the two groups: SO(3) has a periodicity of 27, while SU(2) has a peri-
odicity of 47. In particular U(0,n) = I, but U(2m,n) = —1, so both
of these elements are associated with the identity of SO(3). Moreover,
these elements form an invariant subgroup of SU(2) (Section 2.4) which
is isomorphic to the group Zs = {1, —1} under ordinary multiplication.
In general, using the trigonometric identities,

cos [%(gp + 27?)] = —cos (3)
sin [%(gp + 27?)} = —sin (5¢)
we find that

Ulp+2m,n)=-U(p,n)
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Thus, if we form the cosets of the subgroup {U(0,n),U(2w,n)}, we
obtain

{U(0,n),U@2r,n)}U(g,n) = {Ulp,n),U(p + 27,m)}
Thus, the factor group SU(2)/Z, is isomorphic to SO(3):
SU(2)/Zy = SO(3)

In fact, this double-valuedness extends to characters as well. Taking
the trace of the matrix in 9.4) yields
2 cos (5¢)

If we compare this expression with that for x“)(¢) for SO(3) with ¢ = 1,
we find

sin
sin (3¢)

XM () = = 2cos (3¢)

so the two-dimensional (irreducible) representation of SU(2) generated
by the Pauli matrices corresponds to a representation of SO(3) with a
half-integer index. The integer values of £ can be traced to the require-
ment of single-valuedness of the spherical harmonics, so the double-
valued correspondence between SU(2) and SO(3) results in this half-
integer index.

9.3 Irreducible Representations of SU(2)

When we constructed the irreducible representations of SO(2) and
SO(3), we used as basis functions obtained from the coordinates {z, y}
and {x,y, z}, respectively, and to obtain higher-order irreducible rep-
resentations from direct products. The basic procedure is much the
same for unitary groups, except that we can no longer rely on basis
states expressed in terms of coordinates. In this section, we carry out
the required calculations for SU(2) and then generalize the method for
SU(N) in the next section.
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9.3.1 Basis States

By associating the Pauli matrices with angular momentum operators
through J; = %hai, we choose as our basis states the vectors

() == ()

There are several physical interpretations of these states. For exam-
ple, they can represent the two possible energy eigenstates of a Spin-%
particle, such an electron or proton. Another possibility is that u; and
ug represent the isospin eigenstates of an isospin—% particle, such as a
proton or a neutron. The fact that the proton and neutron are not ex-
actly degenerate means that isospin symmetry is only an approximate
symmetry. A third interpretation of u; and us is as “up” and “down”
quarks which make up nucleons. We will discuss further refinements of
the quark model in the context of SU(N) later in this chapter.

9.3.2 Multiparticle Systems and Direct Products

When using basis states of SU(2) to construct multiparticle states
through direct products, we must respect the indistinguishability of
the particles. Thus, measurable properties of a quantum system can-
not depend on the labelling of the particles, though wavefunctions, of
course, need not obey this invariance. Consider a two-particle system,
with particle ‘1’ in state ¢ and particle ‘2" in state j. The corresponding
wavefunction is ¢, j(1,2). We require that

95 (1,2) 1" = Jobi5(2, 1))
which implies that
wz‘,j(l 1) = ew?ﬂz‘,j(l? 2)

for some phase angle 6. Since a two-fold exchange restores the original
labelling,

Vi i(1,2) = €1 ;(2,1) = *4; (1, 2)
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we must have that e = 1, or that § = 0 or § = 7. In the first case,
the wavefunction is symmetric under the interchange of particles,

¢i7j<27 1) = wlﬁj(la 2)
while in the latter case, the wavefunction is antisymmetric under the
interchange of particles,

¥i(2,1) = —¢54(1,2)

Consider now a two-particle system each of which occupy one of the
states of SU(2). The basis of these two-particle states is comprised of
{uguy, ugug, uguy, usus }, where we have adopted the convention that the
order of the states corresponds to the order of the particle coordinates,
e.g., uru; = u1(1)u1(2). But not all of these states are symmetric or
antisymmetric under the interchange of particles. Hence, we construct
the new basis

{ulul, Ul + Uy, UoUs, U U — Uy } (9.5)

symmetric antisymmetric

We can compare this result with that obtained from the two-fold direct
product representation of SU(2):

X2 () = [2cos (3)]]

_ (ew/Q +efi<p/2>2
= (ei“"/2 +1+ e_i“o/2> +1

= xM (@) + x(p)

we see that the three symmetric wavefunctions for a basis for the £ =1
irreducible representation of SO(3) and the antisymmetric wavefunc-
tions transforms as the identical representation (¢ = 0) of SO(3). If we
think of these as spin—% particles, the symmetric state corresponds to a
total spin S = 1, while the antisymmetric state corresponds to S = 0.
We could proceed in this way to construct states for larger numbers of
particles, but in the next section we introduce a technique which is far
more efficient and which can be applied to other SU(N) groups, where
the direct method described in this section becomes cumbersome.
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9.3.3 Young Tableaux

Determining the dimensionalities of the irreducible representations of
direct products of basis states of SU(N) is a problem which is encoun-
tered in several applications in physics and group theory. Young tableaux
provide a diagrammatic method for carrying this out in a straightfor-
ward manner. In this section, we repeat the calculation in the preceding
section to illustrate the method, and in the next section, we describe
the general procedure for applying Young tableaux to SU(N).

The basic unit of a Young tableau is a ‘box’, shown below

[]

which denotes a basis state. If there is no entry in the box, then this
tableau represents any state. An entry, signified by a number denotes
one of the basis states in some reference order. Thus, for SU(2), we
have

U1: UQ:

The utility of Young tableaux centers around the construction of
direct products. For the two-fold direct products of SU(2) in (9.5),
there are two types of states, symmetric and antisymmetric. The Young
tableau for a generic two-particle symmetric state is

L]

and the two-particle antisymmetric state is

=

The Young tableaux for three symmetric states in (9.5) are
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and that for the antisymmetric state is

In the framework of Young tableaux, the two-fold direct product is
written as

0«0-m+H

The three-fold direct product illustrates the conventions used in the
construction of Young tableaux and their labelling. The generic tableaux
are

LI << L=0L11]+ | +

The rules for constructing the “standard” arrangement of Young tableaux
are as follows

e The rows are constructed from left to right

e The columns are constructed from top to bottom

e No row is longer than any row above it

e No column is longer than any column to the left of it

Thus, with these conventions, a typical tableau is shown below:
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The states for the three-fold direct product are as follows. There
are four symmetric states:

which correspond to a four-dimensional irreducible representation, and
two “mixed” states:

1]1] 1]2]
2 2

which correspond to a two-dimensional irreducible representation. There
are no totally antisymmetric three-particle states because we have only
two distinct basis states. Thus, the rules for entering states into Young
tableaux are:

e The numbers within rows are nondecreasing from left to right.

e The numbers within columns are increasing from top to bottom.

The two sets of rules for constructing Young tableaux of generic
states and identifying particular states enables the calculation of the
dimensionalities in a straightforward manner, often by identifying ap-
propriate combinatorial rules.

9.4 Young Tableaux for SU(N)

The groups SU(N) have acquired an importance in particle physics
because of the quark model. This necessitates calculating direct prod-
ucts of basis states to determine the characteristics of particle spectra.
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This, in turn, requires that we adapt the methodology of the Young
tableaux developed in the preceding section to SU(N), which turns out
to be straightforward given the rules stated in the preceding section.
There is no change to the construction of the generic tableaux; the only
changes are in the labelling of the tableaux. Consider, for example the
case of a two-fold direct product of SU(3). There are six symmetric
states

Ay afz] [als) 2]z [203]  [3]3]

and three antisymmetric states

As is evident from these constructions, the number of states asso-
ciated with a tableau of a particular topology increases sharply with
the number of basis states. The rules in the preceding section allow
the number of such symmetric and antisymmetric states to be calcu-
lated for SU(N). There $N(N + 1) symmetric states and N (N — 1)
antisymmetric states.

The only other modification to our discussion of SU(2) is that for
larger numbers of basis states, tableaux which make no contribution
to SU(2), may make a contribution to SU(N). Consider, for example,
the antisymmetric three-particle state. This state vanishes for SU(2)
because there are only two basis states, but for SU(3), we have

In fact, this is a direct consequence of the rule for labelling Young
tableaux, and we see that, for SU(N), any column with more than N
boxes makes no contribution.
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9.5 Summary

In this chapter, we have extended our discussion of orthogonal groups
to unitary groups. These groups play an especially important role in
quantum mechanics because of their property of conserving probability
density. We have constructed direct products of basis states, which are
required in a number of applications of these groups. The use of Young
tableaux was shown to be an especially convenient way to determine
the dimensionalities of higher-dimensional irreducible representations
of unitary groups and their basis functions.



